PERIODIC ORBITS ABOUT AN OBLATE SPHEROID

BY
WILLIAM DUNCAN MACMILLAN

§ 1. Introduction.

The orbit of a particle about an oblate spheroid is not in general closed
geometrically. The motion of the particle is not, therefore, in general, periodic
from a geometric point of view. But if we consider the orbits as described by
the particle in a revolving meridian plane which passes constantly through the
particle several classes of closed orbits can be found in which the motion is
periodic. The failure of these orbits to close in space arises from the incom-
mensurability of the period of rotation of the line of nodes with the period of
motion in the revolving plane. "When these periods happen to be commensur-
able the orbits are closed in space and the motion is therefore periodic, though
the period may be very great. Indeed, it seems that most of the difficulty in
giving mathematical expressions for the orbits about an oblate spheroid rests
upon the question of incommensurability of periods. The difficulty arising from
the motion of the node can be overcome by the use of the revolving plane, but
other incommensurabilities, such as that introduced by the eccentricity, can not
be eliminated in this manner.

Orbits closed in the revolving plane are considered most conveniently in two
general classes: (1) Those which reénter after one revolution, (2) those which
reénter after many revolutions. The existence of both classes is established in
this paper and convenient methods for constructing the solutions are given.
Orbits which reénter after the first revolution are naturally the simpler and will
be considered in the first part of the paper. Those lying in the equatorial
plane of the spheroid become straight lines in the revolving plane, and it is
shown that within the realm of convergence of the series employed all orbits in
the equatorial plane are periodic. 'When the orbits do not lie in the equatorial
plane there exists one, and only one, orbit for any arbitrarily assigned values of
the inclination and the mean distance. These orbits reduce to circles with the
vanishing of the oblateness of the spheroid.

In considering orbits which reénter only after many revolutions the differ-
ential equations are found to be very complex, and one would despair of proving
the existence of these orbits by the ordinary direct computation of the necessary
coefficients. However, a proof of their existence and a method for the construc-
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tion of the solutions are given by the aid of certain theorems, which are here
established, on the character of the solutions of non-homogeneous linear differ-
ential equations with periodic coefficients.

These periodic orbits of many revolutions involve five constants, four of which
are entirely arbitrary, and the fifth subject only to the limitation that it shall
satisfy certain commensurability conditions. One constant, only, is missing for a
complete integration of the differential equations. These orbits are all symmetric
with respect to the equatorial plane.

§ 2. The differential equations.

The differential equations of motion of a particle about an oblate spheroid are *
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The symbols employed are defined as follows: x, ¥, z are rectangular coérdi-
nates, the origin being at the center of the spheroid and the xy-plane the plane
of the equator, % is the Gaussian constant, M is the mass of the spheroid, b is

the polar radius of the spheroid, u is the eccentricity of the spheroid,
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we obtain one integral of areas, namely,

@)

»M B a? 4yt — 22
V=T[1+I6—R<—'“+
laV_laV

z %~y 0y

dy dx

23 Y=o

That is, the projection of the area described by the radius vector upon the equa-

torial plane is proportional to the time.
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For further integration we are compelled to resort to series.
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We have also the vis viva integral

Poincaré has

shown in his Les méthodes nouvelles de la mécanique céleste that if certain

* MOULTON, Celestial Mechanics, p. 113.
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conditions are fulfilled it is possible to obtain periodic orbits represented by
power series in a parameter when periodic orbits are known for zero values of
this parameter. These conditions are at least partially fulfilled in the present
problem, for the right members of the differential equations are analytic in
%, y, z and the parameter u. Furthermore, for u = 0, the equations reduce
to the ordinary two-body problem for which periodic solutions are known. It
is our purpose to show that the remaining necessary conditions also are fulfilled
and that periodic solutions persist for values of u 4= 0. These periodic series
are very satisfactory, for the general character of the orbits represented by them
is easily obtained. The solutions thus found are rigorous, but they are not
general, their existence depending upon special initial conditions.

It will be advantageous to transform the differential equations to cylindrical
coordinates by the substitutions

* = ar cos v, BPM=na,
y=arsinv, ¢, = ck V' Ma,
#)
2=aq, nt=r,
3 b’

R=al/;‘i‘_-l;~§§, Ida—2=0f.

After these substitutions equations (1) become

77 2 -r [ 4q ]
— 1 02 -1,
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%) (d) ™"+ 2 =0,
e =9 1,3 =2 ]
(c) q -(r2+q2)§ (r +q)201 _,

the accents denoting the derivatives with respect to .
The integral of (b) is 7*v’ = ¢, by means of which v can be eliminated from
the first of these equations. After the elimination the equations take the form

. 7 r® — 4rg?
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The first two of these equations are independent of the third so that » and ¢
may be considered as rectangular coordinates in a revolving plane which passes
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always through the z-axis and through the particle itself. The problem is thus
reduced to the consideration of the motion in this plane, for, when #» is known,
v is obtained by a simple quadrature from (6c¢).

§ 8. Surfaces of zero velocity.
The velocity integral in the revolving plane is

2 2 -2 o

r,2+q’z=(r2+q2)*+§ Frgpir+ o —pte

If we put the velocity equal to zero the resulting equation represents a two-
parameter family of curves. For assigned values of the parameters ¢ and c,
there is defined a certain curve in the revolving plane. On one side of this
curve the motion is real while on the other side it is imaginary. For values of
¢, << 0 this curve is closed, and the motion is real on the inside. As the plane
revolves this curve generates a surface of the general form of an anchor ring.
For u? = 0 this curve belongs to the ordinary two-body problem, and its equa-
tion is

o 2

a C
CET R

The motion is elliptic, parabolic, or hyperbolic according as c, is negative, zero,
or positive. Putting

r=poos$, g=psing,
we find, on solving for p,

1 cch
s R |

For negative values of c, this equation represents two closed ovals which do not
enclose the origin. If ¢,c* = — 1 the ovals shrink upon the points p = — 1/c,,
¢ =0 and w. The corresponding orbit is therefore a circle in the equatorial
plane. As c, approaches zero the ovals open out rapidly and approach the
limiting curves

(.2

P~ Seod’
For values of ¢, > 0 there is but one positive value for p, which is

1 \,__020—'
P=(':"[—1+ 1+(;);2—$:|-

2

If ¢? & 0 none of these curves crosses the axis ¢ = 90°. But if ¢ = 0 we have
the circle p = — 2/c, inside of which the motion is real when ¢, is negative.
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For values of u? 4 0, but sufficiently small, we can put
r=(p+p)cosd, g=(p+p)sing,
and solve for p as a power series in u?. We find
- 1 2 — 8 cos? i>
P=8 T+ ap)
which is the correction to be applied to the corresponding curves in the two-
body problem.

6w+,

Part 1.

ORBITS WHICH REENTER AFTER ONE REVOLUTION.

§ 4. Symmetry.

Returning to the differential equations (6e) and (6b) we observe that if we
change
» into + 7, q into — ¢, T into — 7,

the differential equations remain unchanged. Hence, if at some epoch, 7 =7,
r=a, r =0,
¢=0, ¢=8,

that is, if at the epoch 7 = 7, the particle crosses the r-axis perpendicularly, it
follows from the form of the differential equations that the orbit is symmetrical
with respect to the r-axis and with respect to the epoch 7 = 7,. In other words
r will be an even series in (7 — 7,) and ¢ will be an odd series in (7 — 7). If
now at some other epoch, 7 =7, + 7, the particle again crosses the r-axis per-
pendicularly the orbit will be symmetrical with respect to this epoch also. It is
clear therefore that the orbit is a closed one, and that the motion in it is peri-
odic, for, by hypothesis, at 7 = 7, — 7" it must have been at the same point and
moving with the same velocity in the same direction. The motion is therefore
periodic with the period 27'. Hence with these initial values sufficient condi-
tions for periodicity are that at 7 =7, + 7'

7’l=q=0.

From the integral of area, v'= c¢/+? it follows that if » is periodic v will have the
form

v = constant x 7 + periodic terms.
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§ 5. Euistence of periodic orbits in the equatorial plane.

If ¢ = 0 equations (6) reduce to

(@) "”=,;.§—‘§" ri_’—_:,s_ )
®)
, c
) v =

The first of these equations is independent of the second and can be inte-
grated separately. It represents motion in a straight line ir the revolving
plane. It admits the constant solution

r,=1, E=14+6w+60p +---,
which represents a point in the revolving plane, or a circle in the equatorial
plane. In order to investigate the oscillations about this point let us put

r=1+ ep, ¢ =cl + ee,

where p is a variable whose initial value is arbitrarily assigned, e is an arbitrary
parameter corresponding to the eccentricity in the two-body problem, and ¢ is a
parameter to be determined so that p shall be periodic.

On substituting these values (8a) and expanding as power series in e, the
terms independent of e cancel out and it is possible to divide through by e.
The equation then becomes

pi+[1— 01 —80 ' + - ]p=e[1—3pet 6p’c —10p°¢’ + -]
+pte[8 — 467pu% — 1562u¢ + ... ]
®) + pPet[ — 6 + 1007 u® + 4662 u* + - -]
+p'e[10 — 20027 — 1116244 + -]

We can simplify this equation somewhat by dividing through by the coefficient
of p in the left member and then substituting

€

T— 6y —36Lu 4

T=7V1—-0u—380u + -, S =
The equation then becomes

d2
(10) -E—%+p=8[1—3pe+6p’e’—10p3e3+---] + [8 +a,] pe

+[—6+a,]p+ [10 +a]p'e + >
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where
a,=—380jpu*—(6; + 60 )t + .-,
a,= + 407 p® + (46} + 2802 )t + - - -,
a,= — 1062 > — (100} + 8182 ) p* + - --.
Equation (10) can be integrated for p as a power series in 8 and e. Let us

take the initial values
p=—1, pP=0.

By Poincaré’s extension of Cauchy’s theorem we know that the solution of equa-
tion (10) having the prescribed initial values exists and converges provided &
and e are sufficiently small, for all values of T in the interval 0 =T = 7, where
T is finite, but otherwise arbitrary. The condition for periodicity is simply

(11) p’=0 at T= 7.

If we choose 7'= 7 an inspection of equation (10) shows that for ¢ = 0 the
solution for p is periodic with the period 27 whatever may be the value of 8, so
that equation (11) must carry e as a factor. After integrating equation (10)
we find that the condition (11) is

(12) 0 =—[$§ + a,]mde —[ § + §a, + $5a] + $a,]me® + higher degree terms.
Aside from the factor e there remains an equation in which the linear terms in
e and 8 are present, and which may be solved. We find

18) S=(—14--Je4---.

If this value of & be substituted in equation (10) it will then admit periodic
solutions for p as power series in e having the period 27 for all values of e suf-
ficiently small. Furthermore the solution as a power series in ¢ with the pre-
seribed initial conditions is unique.

§ 6. Euxistence of periodic orbits not lying in the equatorial plane.

For u? = 0 the differential equations (6) admit the circular solution
r=1, q=0, v=rT,
(14) , c=1.
=0, ¢g=0, v=1,

In order to investigate the existence of orbits not lying in the equatorial plane
but having the period 27 for u? 4 0, let us put

(15) r=14p, q=0+0‘, t=1+e,

and take the initial conditions

p=a, p =0, o=0, o’ = Bu.




62 W. D. MACMILLAN : PERIODIC ORBITS [January

The conditions for periodicity (§4) are then
pPp=0c=0at r=m.

We have three arbitrary constants at our disposal, a, 8, and €, and two condi-
tions to be satisfied. Hence one constant remains undetermined. We will
therefore let B remain arbitrary and determine a and e so as to satisfy the
two conditions. After making the substitutions (15) and expanding, equations
(6) become

P’ +p=€—38pe + 3p* + §a° — O p* + 6p’¢ — 6p* — 6po?
(16) + 4p0? u* + higher degree terms,
0" + o = 8pa — 6p’c + 3p* — o0 u* + higher degree terms.

In order to integrate these equations let us put

@

ZHP L€k,
amn :_ (i+j+%>0),
o, £ al pk
ijk 1

The p,;, and o, can be found by successive integrations, the constants of
mtegratxon being determined so as to satisfy the initial conditions. In the series
thus obtained take 7= . The two conditions for periodicity give us the two
equations :

(18) () p.=,=0=0+aca+a,e+aa+ael’+ o+ aep’+aon’+ap'+ - - -,
(0)0,—,=0=PBu[be+ b, + b,a® + bea + b p* + ---],

where the @, and b, are constants which have been found from the actual
integrations to be distinct from zero. Equation (18a) involves only the even
powers of w while (18b) involves only the odd powers. After dividing (180)
by Bu we can solve it for e as a power series in a and u? of the form

(19) e=c,a’ + c,p + ¢ + cap’ + cut 4 o
On substituting (19) in (18a) we obtain a series of the form
(20) (a) 0=dap’+d,0® + dp* + d,a’p’ +da* + - .

If in this equation we make the substitution

=t

we obtain

(c) 0=p[fiv+ L8+ Lo’ + -],
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which can be solved uniquely for y as a power series in u*. This solution sub-
stituted in (200) gives a as a power series in u?, and this value of a substituted
in (19) gives € as a power series in . We thus have a solution

a=p’ P (p*), e=pu’P,(p), B arbitrary.

Newton’s parallelogram shows that equation (20) has two additional solutions,
but as they are imaginary we do not stop to develop them.

§ 7. Existence of periodic orbits in a meridian plane.

If in equations (6) we take the area constant ¢* = 0 the motion of the particle
is in a meridian plane ; that is, the revolving plane has ceased to revolve and the
orbit in this plane is the true orbit. After changing to polar coérdinates by
the substitution )

r=pecos¢, g=psin¢, =0,

the differential equations become

— 8 1 3 cos 2 1 4
2+ 3 cos 4<i>+71;cos ¢9f#2+°",

’” K 1
Pptt == -
(21) L 6in 26 — 1 sin 4
" Ve sin — 1 sin
pd + 2 =—1 e Porut 4.

For p? = 0 we have the periodic solution
rP= L. ¢ =T,
that is, a circle. For u? 4 0 let us introduce p and o by

p=1+p, ¢=r1+o,
with the initial values

p=a, P,=07 ‘7=0, ”,=B,

where a and B are two new arbitraries. By Poincaré’s theorem p, p’, o and
o’ are expansible as power series in a, 8 and u® with T entering the coefficients.
The conditions for periodicity are that at v = =

p'==0"=0.

If we perform the integration and then set 7 = 7, we obtain the two following
conditional equations:

(¢) o,p,=0=0q,a+ a,B+ a,0®+ a,aB + a,B + a;p* + ---,
(b) P‘;="=0= bsa2+b4a,8+b5ﬁz+0',u,2+ b7/"'4+""

(22)
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where the @, and b, are constants which have been found from the actual inte-
grations to be distinct from zero.

The first of these two equations can be solved for a as a power series in 8 and
u*. This expression for a substituted in (b) gives rise to an equation of the
form ‘

(©) 0=c,Bu’+c,B +c,fu +cop+ - .

This equation has the same form as (20¢) and can be solved in the same way,
giving a unique real value for B as a power series in u’ vanishing with u?.
This expression for 8 substituted in the equation for a gives a as a power series
in g?, vanishing with u?. Therefore real periodic orbits exist for u? < 0
which are analytic continuations of circular orbits for u? = 0.

We have thus proved the existence of the three following classes of periodic
orbits which have the period 27, the generating orbits being circles :

I. Orbits lying in the equatorial plane ;
I1. Orbits not lying in the equatorial plane;
III. Orbits in a meridian. plane.

§ 8. Construction of periodic solutions in the equatorial plane.

Let us first consider orbits in the equatorial plane. We retake the differ-
ential equations (8) and by means of the transformations there given we pass at
once to equation (10), which is explicitly

a? :
g +p=8[1—8pet 6 e - ]+ [3—807 w— (0! +662)u'+- - Jpte
(23) +[—6 + 462 p? 4 (462 + 280%) ' + - .- ] p°€?
+[10 —1062 > — (106} + 8107 )p' + --- ] p*e + - - -.

It was shown in equation (13) that & can be expanded uniquely as a power
series in e in such a manner that the solution for p as a power series in e will be
periodic with the period 27. Since the series is periodic with the same period
for all values of e sufficiently small, it follows that the coefficient of each power
of e is itself periodic. Since the solution exists and is unique, it must be pos-
sible to determine the 8 uniquely by the condition that the solution is periodic.
In the existence proof it was shown that & vanishes with e. Therefore p and 8
have the form

(24) p=p+pe+pdl+pe+..., d=8e+8e+ 8+ ...

The p, are to be determined by the integration of equation (23) and by the
initial values
dp

p=—1, H—T—=0atT=0.

The &, are to be determined in such a manner that the p; shall be periodic.




1910] ABOUT AN OBLATE SPHEROID 65

Substituting (24) in (23) and equating the coefficients, we find :
d
(@ S +r=0,

d*p
() Gar + =8 +[3— 3614 — (6] + 66) ' + - ]pl,

d2
©) d'll‘)’z"'f’z— 8,—8p, 8, +[8—86p2— (6 +662)u +---12p,p,

(25
=) [ 6+ 40240 (4605 + 280wt + - 113,

2

d
() dlﬁ”+ p,=8—8p,8 ,+[8—867u*—(0'+662)pt+ ---]2p,p,_,
+-f:.(po’ Tty Pn_z)a

These equations can be integrated in succession. The solution of (a) which
satisfies the initial conditions is

(26) py= —cosT.

Since the initial conditions are independent of e, every p; except p, must vanish
at T = 0. Substituting (26) in (256) and integrating, we have

(27) p,=8,(1—cos T)+[3—307u’—(0;+60;)u'+- - -] [3—3% cos T—} cos 2T].

The constants of integration in equation (27) have been determined so as to
satisfy the initial conditions, but the constant &, is as yet undetermined.
Substituting these values of p; and p, in (25¢), we find

d’p S
JT»2+pZ_[b +8(8—-801W+ - )+38—60p+--.]

+[8,(—3 +661p* + {20) + 120} } p' + - --)

(28) +(—8+12022 — (1107 — 962} u* + -] cos T
+[8(8—80p+ ---)+ 38 —186}p® + ---] cos 2T
+ [8 — 4624 + -] cos BT.

In order that the solution of this equation may be periodic the coefficient of
cosT must be zero. This is the condition which determines 8, and consequently

§=—1+261p + (36} — 5 u* + -

Trans. Am. Math. Soc. &
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With this value of 8, equation (28) becomes

2

-Z—Tp—zz + p,=[8,+ 362+ . ]+ [— 90iu*+- - -] cos 2T + [8—46%u’+ . . .] cos 8T.
The solution of this equation which satisfies the initial conditions is

po=208,(1 —cosT) + [8p*+ ---]+ [$ — 0>+ -] cosT

29
29) + [86ip® + -] cos 2T + [ — 3 + 36iu® + - -] cos 8T.

The constant 8, is as yet undetermined. It is determined by the periodicity
condition for p, in the same manner that 8, was determined by the periodicity
condition of p,. Without giving the details of the computation its value is
found to be

8,=—60ip* + ...

This method of integration can be carried as far as may be desired. In
orderto show this let us suppose that p,, - --, p, _, have been computed and all
the constants determined with the exception of §,_,. From (256d) we have

dp, ; .
(30) gz +P.=38,—3p8  +[3 =301kt + - [2pp,_, + S (Pos s Pua)-
Here f,(pys -+ P,_,) is a polynomial in the p; and contains only known terms.
p,_, depends upon & _, in the following way :
Py =29,_,(1 —cosT) + known terms.

Equation (30) can therefore be written

2

d
Q%urpﬁ 8 +[8—86u+---18,, + [—8+602u*+-..]5,  cosT
+ [3 —3860iu® + ---] cos 2T + known terms.

In order that the solution of this equation shall be periodic the coefficient of
cos T must be zero. This condition determines §,_,. The equation can then
be integrated and the constants of integration will be determined by the condi-
tions that

dp,
P"=cTT=O at T=0.

Everything is then determined with the exception of & , and we have then

p,= (1 —cosT)8 + known terms.

Substituting the values of 8, and §, in the solution as far as it has been com-




1910] ABOUT AN OBLATE SPHEROID 67

puted, we find
pp=—cosT,
p= 3+ 30267+ (61— 46) -] + [— 61* + (= JO1 +36))u + - Jcos T
+ 0=+ 1004 (36! + 6 ut - oos 2T,
po=[—3801p+ -]+ [8— 3674+ ---JcosT + [802u* + ---]cos 2T
+ [—{# + 3024+ - J cos 3T,
S =—1+420]p+ (30 -0 )p* +- .-,
S,=—601p+.-..
From these expressions we have the following series for » =1 + ep:
(@) r=Tl—coosT+{[}+300u+ (0 — 46t +--.]
+[= 1% + (= §6} + 367) + -+ Joos T
(31) + 0= 4+ 30007+ (36} + 03w+ - Jcos 2T |
H{[— 884 + 1+ [§— 4614 + -] oos T
+[30p*+ - - Jeos 2T + [—§ + 36024’ + - - Jcos 8T} & + - ...
Substituting this value of » in the equation (83)

, @ _ ] 2 + ee
TAT T NT e 3t
and integrating, we find

(®) v—vy={[1+6p*+ (36} +26)p* +---]
+ 00w+ (- 301+ 20w + -]+ T
(31) +{[2+261w" + (6, + 6;)u' +---]sinT )¢
+ {[201p* + (326, — 665) ' + - ]sin T
+[§+ 200+ (— b+ §6;)u' + - Jsin 2T e + - .

Equations (31a) and (810) are the periodic solutions sought. If we return to
the symbols defined in the original differential equations by means of equations
(4), with the additional notation

WI—@u— 36 u .. =,
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we have the following expressions for the polar coordinates at any time ¢:

R=a{l—ecosvt+[}4—}cos2ut]e’+[§cosvt— Fcos3vt]e+ ---
2
(32) + a—z,u’[(g%- — % cos vt + % cos 2vt) e*+ (— % — 5% cos vt

b4
+ % cos 2vt + 35 cos Bwvt)e® + - - ] +&—4/J,4[---]+-<.-},

2
v—v=vi+ 2sinvt-e+ §sin2vt-& .- +:—1—2u2[(—135 + 5+
(33) y
+ (£ sin vt ) e®+(§ sin vt + 5 sin 20t )’ - - -]+ ;4/"4["']4'

These equations contain four arbitrary constants, a, e, v, and ¢,. Since the
differential equations of motion in the equatorial plane were of the fourth order
these series, within the realm of their convergence, represent the general solu-
tion. The expressjon for the radius vector, /2, is always periodic with the period
27 [v. At the expiration of this period v has increased by the quantity

v .
27[(72”’2(T36+.137)62+ ...)+.--]=21re

in excess of 27r; that is, the line of apsides has rotated forwarded by this
amount. If ® is commensurable with unity the orbit is eventually closed geo-
metrically. If ® = I /J, where I and J are integers relatively prime, then, at
t=2Jmw[v,v=2(I+ J)m, and the particle is at its initial position with its
initial components of velocity. The particle has completed Z + / revolutions
and the line of apsides has completed I revolutions. The mean sidereal period is

27
P = S(116)

This formula for the rotation of the line of apsides has an interesting appli-
cation in the case of Jupiter’s fifth satellite. On the hypothesis that Jupiter is
homogeneous and taking its equatorial diameter as 90,190 miles and its polar
diameter as 84,570 miles, the mean distance of the satellite as 112,500 miles,
the eccentricity of its orbit as .006 and its mean sidereal period as 11°0™23,
the above formula gives for the rotation of the line of apsides 1440° per year.
The values derived from observations are somewhat discordant but are in the
neighborhood of 880° per year. If we still keep the hypothesis that Jupiter
is homogeneous in density and of the same oblateness as before, we are com-
pelled, in order to relieve the discrepancy between theory and observation, to
suppose that the value adopted for its polar radius was about 9,000 miles too
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great. From the large reduction required it is clear that the hypothesis of
homogeneity is very much in error.
§ 9. Construction of periodic solutions not lying in the equatorial plane.

By means of the area integral the problem has been reduced to the two
equations

, € ” r—drg’ .,
S G0 B R A

v . q_ 3_1‘2_1—2q3 2 ,,2
N N Gy

(35)

After the solution of these equations has been obtained the third codrdinate is
found from the equation

’

v =

‘IN| o
.

We have already proved [equations (14) to (20)] the existence of periodic solu-
tions of these equations of the following type:

r=1+pp +pu'+ -
(86) 9=QHr+ I+ gH + -y
A=14c,p’ +ept+ -y
with the initial conditions
r(0)=¢(0)=0,  ¢(0)=58k

B being arbitrary. We can therefore integrate equations (85) so as to satisfy
these initial conditions and determine the c; in such a manner as to render the
solution periodic.

Substituting (86) in (85) gives the equations

a7 0=1[p, +p— 39 —c,+ 0} 18 + [, + p, — 3p; — 39,9, + 6p,9}
+ gt + (8¢, — 467 p, — 1fb1 g — ¢, Jnt + -+,

r”

0=[¢+qlr+ g5+ 9:— 3r.9,— 39} + 3019, 1 W+ (95 + ¢:—3p.0,— 3919,

(38)
+6p39,—8p,q, + 12,0} + 189} + 8019, — 15603 p,9, — 2EOTq | W+ - - -.

Equation (37) contains only even powers of x while equation (88) contains only
odd powers. For the integration we have:

Coefficient of u.
(39) o+, =0.
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The solution of this equation satisfying the initial conditions is

g, = Bsin 7.

Coefficient of p*.
Py + p= 597+ ¢, — 6%,
(40) 2 z=(2;,182+2c2—:9f)—i}/320032'r.
The solution of this equation which satisfies the assigned initial conditions is
p, = (28 + ¢, — 6}) + a, cos T+ }/3* cos 27.
The constant ¢, will be determined by the periodicity condition on ¢, to be
c, =20 — 32,
and a, will be determined by the periodicity condition on p, to be
a,=0.
If we anticipate these determinations we have
p, = (67 — 1B*) + }8° cos 27.
Coefficient of u®.
1) s + %= 0:(3p, + 491 — 361),
= (88 + 8¢, — 6602)Bsin 7 + }a,B sin 27.

In order that the solution shall be periodic it is necessary that the coefficient of
sin 7 shall be zero. Therefore

c, = 26 — 3.
Substituting this value and integrating, we find
¢, = B, sin T — }a,Bsin 27.
From the initial conditions we must have ¢; (0) = 0 and therefore
By = }a,8.
But it will be shown in the next step that a, = 0, and consequently

¢, =0.
Coefficient of u*. ?

(42) pi+ p,=3p; + 39,95 — 6p, ¢} — 1-¢* + (467 — Bc,)p, + 120191 +c,.

Before expanding the right member of this equation we will avoid useless labor
by first examining the coefficient of cos 7 which we know must be zero from the
periodicity condition. We notice first that terms in the coefficient of cos 7 can
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arise only through terms involving p, and ¢,, and second that all such terms
carry a, as a factor. Since no other arbitrary enters the coefficient, we must
take a, = 0. It can be shown by induction that the constant of integration a,,
(the coefficient of cos 7) which arises in the integration of p,, is determined by
the periodicity condition on p,,,,, and further that its value is always zero.
The proof is omitted for the sake of brevity.

Substituting the value a,= 0 in p, and ¢, and expanding the right member
of (42), we find

Pt po= [+ 014 JA08 — B8] + [4618" — ;8" cos 27 + J§8¢ cos dr.

The solution of this equation satisfying the initial conditions and the properties
just mentioned is

po= et O+ 30U — B + [ — 1508 + 26" cos 27 — 2y os dr.
Anticipating the value of ¢, found below, we have
pu= [ = 30— 108" — '] + [ — 201" + $5f7] cos 27 — B cos dr.
Coefficient of u°.
% +4=5n9+ 304 — 6piq, + 30,9 — Wip gl — W9
(43) —301¢, + 1501p,9, + %20} 41,
=[38e¢, + 126} 4 1162 8] B sin T — 6 B sin 3.

From the periodicity condition we have

c,=— 460} — 11?3,
Integrating and imposing the initial conditions, we find

¢, = — 30; B*sin 7 4 402 B sin 37.

This is sufficient to make evident the general character of the series. The »-
equation contains only even multiples of 7, and the g-equation contains only odd
multiples. The r-equation contains only even powers of u and of 7. The ¢-
equation is odd in both these respects. The series are therefore triply even and

odd.

Collecting the various coefficients we have the following series :
(a) r=1+[(6]—18)+ 18" cos 27]p’+ [(—30,— 110, B'— % R")
+ (— %018 + 758 cos 21 — [y B cos 41 pt + - - -,

1) ©) g=[Bsin 1] pu+[0]p*+ [— 30 B sin 74 167 B sin 37| p’+ - - -,

(©) v—vym [1—Gip— (JO+ 108 Yt Tt [— 18 sim 2]
+[(130: 8% — §B*) sin 27 + 4 B*sin 47]put + - -,
(d) E=1+4[20;— B p +[—40; — L OB u'+ ---.




72 W. D. MACMILLAN : PERIODIC ORBITS [January

This solution contains four arbitrary constants, @, 8, v,and ,. As is shown by
equation (44c) the nodes regress, the rate of regression being

(614" + (86 + 3018w + -+ -]

The generating orbit of these solutions is a circle in the equatorial plane. A
circle having any assigned inclination might have been used, e. g.,

(45) r=1'1—¢§*sin’T, g=ssint, v=tan'[V1l—¢’tant],

where s is the sine of the inclination. The solution thus obtained would have
been identical with (44). If we expand (45) as power series in 3 and then put
s = Bu, it will be found that the terms thus obtained are identical with the terms
independent of 6 in the solution which has been worked out. It might there-
fore be of assistance in the physical interpretation of the constants to put Su=s
in the series (44).

§ 10. Construction of periodic solutions in a meridian plane.

When the constant ¢ is zero the motion is in a meridian plane. The equa-
tions of motion are (21)

p”—p¢"+lz=—_%+%°032?+%0084¢0’ﬂ2+---,
46) P P '
" Vs 1sin 2 — }sin 4
pb + oy = - ERE A g

We have already shown the existence of periodic solutions of these equations as
power series in u?, which for u = 0 reduce to the circle p =1, ¢ = 7. Let us
put then

p=l4+pw+pp+-- S=1+¢p+ou+ .-

Substituting these expressions in (46), expanding and collecting the coefficients
of the various powers of u, we find :

0=[p;—3p,—2¢,— 0]+ §0] cos 2+ }6} cos dr]u*+ [ p[—3p,—2¢,—2p, ¢,
—¢;2+3p§+(3—6 cos 27—cos 47) 0% p,4-(—3 sin 27 —sind7)07d, |t +- - -,

0=[¢;'+2p;+50; sin 27— 16] sin d7] w’+ [$,+2p, + &, p, + 2p;$,
+ (—2 sin 27 + sin 47)6? p, + (cos 27 — cos 47)07d, ] '+ - - -

(47)

The initial conditions are

p'(0)=¢(0)=0.
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Proceeding to the integration we have:

Coefficient of u?.
48) (a) p, — 8p,— 2¢, =307 — 307 cos 27 — 16} cos 47,

) ¢, + 2p, = — 316? sin 27 + 16? sin 47.

By integrating () once we have
(c) ¢, = — 2p, + 167 cos 27 — 67 cos 47 + ¢,.
Substituting this value of ¢, in (@), we find
(d) Py + py=(2¢, + $6%) — 6% cos 27 — 367 cos 4.
The integration of this equation gives

(e) p,=1(2¢,+ 30?) + c,sin T -i: ¢, 08 T + 307 cos 27 + 1567 cos 47.

Since p, = 0 at 7= 0 we must take ¢, = 0. Then substituting this value of p,
in (c) and integrating, we get

(f) ¢y=(—38c, —207)T — 2¢,8in 7 — ;07 sin 27 — 53567 sin 47 + c,.

From the initial conditions ¢, must be zero when 7 = 0. Therefore ¢, = 0.
Since it must also be periodic, ¢, = — 36?. All of the constants of inte-
gration are now determined except ¢, which will be determined by the perio-
dicity condition on p,.

The differential equations for p, and ¢, are the same as for p, and ¢, except
in the right members. The process of integration is therefore the same. In
the right members only even multiples of 7 occur except terms carrying the
undetermined c, as a factor. In the equation corresponding to (48d) there will
be a term in cos T carrying c, as a factor. But the integration of this term will
be non-periodic unless ¢,= 0. Put then ¢,=0; the integration proceeds
just as before and the constants are determined in the same manner. This
argument will be repeated in the coefficients of u®and so on for all higher
powers.* Therefore no odd multiples of = can occur in the solution. We have,
therefore,

p=14+[—%+ +cos27 4 Jycosdr]Oip’ + ---,

(49) . .
g="7+ [— Fgsin 27 — 5d5sindr ] p’ + - ...

* The differential equations arising at the successive steps are of the same type as the first
two equations of (32), p. 555, in Professor Moulton’s paper on periodic solutions of the problem
of three bodies, these Transactions, vol. 7 (1906). Consequently his general formulas for
the coefficients of the solutions, equations (42), loc. cit., apply here.
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Since the series involve only even multiples of 7 the orbits are symmetrical
with respect to both the r-axis and the g-axis.

This completes the formal construction of the solutions of which the existence
was proved in §§5, 6 and 7.

Parr II.

ORBITS REENTRANT ONLY AFTER MANY REVOLUTIONS.
§11. The differential equations.

The orbits which we have previously considered have had the common prop-
erty of involving only the period 27. Since this period is independent of the
oblateness of the spheroid the derivation of these orbits has been relatively
simple. We shall proceed now to investigate a class of orbits which involves
beside the period 27 another period 27 /X, where A is a function of the oblate-
ness of the spheroid, the inclination of the orbit and the mean distance of the
particle. 'We shall start from the solution which involves an arbitrary incli-
nation. Into this solution four arbitrary constants were introduced, viz., incli-
nation, mean distance, longitude of node and the epoch. Two more arbitraries
are necessary for a complete solution, viz., constants corresponding to the eccen-
tricity and to the longitude of perihelion from the node. In what follows we
shall introduce the constant corresponding to the eccentricity, but we shall still
project the particle from an apse at the node.

We have found for the differential equations a certain solution (44) which we
may write

r=¢(B,p57), qg=Y¥(BymT), =cj,

which is symmetric with respect to the equatorial plane. That is to say,at 7 =0
the particle is in the equatorial plane and its motion is perpendicular to the
radius vector. Its initial distance is ¢(0). Suppose now we change the initial
distance slightly and also the initial velocity so that at 7= 0

r(0)=¢(0)+a  ¢(0)=0,
#(0)=0, ¢(0)=¥(0) +m

and give an increment to the constant of areas so that ¢ =c} + €. Can we
determine these three constants, a, v and €, in such a manner that the series for
r and ¢ shall be periodic? These series can be expressed by

r=¢(B,p;7)+p, g=v(B,p; 1)+ 0, ct=cl+e

If now we substitute these expressions in the differential equations (6) all the
terms independent of p, o and e will drop out, and there will remain the fol-
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lowing differential equations for p and o:

(@) ¢+ {1+ [(— 46 + §B") — §8° cos 27 ] w* + [ (206} + 66, 8° + §8*)
+(6;8°—3B*)cos 21 + §B*cosdr]pu' + ---}p+ { —3BusinT
+[(—80:B+ §B)sinT —§Bsindr|p*+ .- }o
+e{{1+ [(—80+18")— 15 cos 27] w'+ [ (156~ 16} B+ §18*)
+ (42018 — 188 )cos 21 + LE B cosdr] pt + - -}

+ {—8+4 [(126? —88") + 8Bcos 2T p* + - }p+ -+ }
= {8 +[(— 16674 68%)— 12/ cos 27 Ju® + [ (900; + 526} B*+ §1B8*)
(50) + (302 3°— 2B )cos 27 + 1838 cos 47 |ut +- - - } p* + {—12Bpusin 7
+ [(—906:8 + 45 B)sinT — 15 Bsin 87| ub + .- - } po
+E+[E B+ B eos2r]pi+- .} +

(0) "+ {14+[— 3B+ §B cos 27 | P+ [—46; B +T6: BPcos 27]p' + - - - } o
+{—38BpusinT+ [(—36:B + §B)sinT— §BBsin 7]’ + -} p

= {—6Busin 7+ [(— 216}B + 838 )sinT — LB sin 37| p’+ .- -} p*

+ {34+ [(307— 388Y)-+ 338 cos 27] 4 -} pot {§Businr - Jott

In the first of these equations the coefficients of all terms containing odd
powers of o involve only odd powers of u and sines of odd multiples of 7. All
other coefficients involve only even powers of x and cosines of even multiples
of 7. In the second equation the coefficient of every odd power of & involves
only even powers of 4 and cosines of even multiples of 7. All other coefficients
involve only odd powers of x and sines of odd multiples of 7. These properties
play an important réle throughout the entire discussion.

§ 12. The equations of variation.

Considering merely the linear terms of the differential equations (50) for p
and ¢ we have the equations of variation :

(@) 9"+ (1 [(— 462 + 367 — § 8 cos 21]
+ [(200;+66:8°+ §8*)+ (6:8°—3B*) cos 27+ §B* cos 4] u*+ - - - }p
(51) + {—3Busin 74 [(—36028 + §B°) sin 7 — B sin 37| P+ . .. Jo =0,
(8) "+ {1+ [— 16+ 3B cos 2] 4 -}
+{—38Busin T+ [(— 848+ §8%)sin T — §Bsin 87| P+ - .- }p=0.
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These equations admit a solution of the form *

Py = AjeA;r’¢j(T)’

0',=Aie":"\[/‘i(7) (j=1,-:-,4)
where X, is a root of the fundamental equation and where ¢.(7) and ()
are periodic functions of 7 with the period 27. The four values of the ), (real
or imaginary) are associated in pairs, equal in value but of opposite sign.t From
the fact that 7 does not occur explicitly in the original equations (1) it is known
a priori that one pair of the A, has the value 0,} and consequently, if we choose

the notation so that A, =\, = 0, the two corresponding solutions will have the
forms

P3=A3¢3(7_)’ po=A,[,(7) + 7d5(7)]s
03 = As‘l’s('r)’ o,=A[¥,(7)+ 7‘1’3(7)]'

We shall consider first the two solutions in which the X, are not zero. Let
us first substitute in (561) the forms

p=-e*¢(7) (i=V=1),

o= ey (7).

After dividing out the exponential there remains
¢ +20¢" + [L=Nta,p’+ap' + - ]¢ +[e,pn+ ap’+ .- J¥=0,
¥4+ 2iM + [T =Nt o pl + dpt + - ] +[ap + a4 - ]9 =0,

where

(52

a, = — 3BsinT,

a,=(—30}8 + 38*)sin T — §/*sin 37,

a,= (— 46} + 3B*) — $B° cos 27,

a, = (200) + 660} 3 + §B') + (6:8 — 3B') cos 27 + §B* cos 47,
b, = — 38 + §B* cos 27,

b, = a sum of cosines of even multiples of 7.

With respect to equations (62) it is known that ¢ and 4 are periodic with the

* Floquet, Annales Scientifiques de 1’Ecole Normale Supérieure, 2d series, vol. 12
(1883), p. 47.

t See Les Méthodes Nouvelles de la Mécanique Céleste, Vol. 1, p. 193.

1 Ibid., p. 187.
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period 27, and that A vanishes with u since the problem then reduces to the
two-body problem in which the characteristic exponents are all zero. It can be
shown that ¢, Y» and A are expansible as power series in u of the form

s=Fow.  ¥=Fww  A=Taw

=1

Substituting these expressions in (52) we find :

Coefficient of u’.
o + ¢ =0,
‘I’;I + “l’o =0.
Therefore
53) P, =V cos T + o sin 7,
Y, = ¥Vcos T + yVsinT.
Coefficient of .
(54) ¢;’ + ¢1 = - 2i7"1¢; - al‘l’l)’

‘I";' + ‘l"l = 2':7‘1‘,’1; - a1¢o'

Since the periodicity conditions demand that the coefficients of cos 7 and sin T
in the right members be zero, we must take A, = 0. We get then

¢ + ¢, = $BYY — By cos 21 + B+ sin 271,
¥+ P, = 3B — 3Ba cos 2 + $Ba¥ sin 27.
Integrating we have
¢, =" cos T + &P sin T + FBYY + LByY cos 27 — 1By sin 27,
Y= cos T + o’ sin 7 + §BaP 4+ JBaY cos 27 — § B sin 27.
Coefficient of p*.

(55)

(56)

4’: + ¢'2 = - 27:)"2 tl)- a2¢0 - al‘h’

57)
‘I"’z, +v¥,=— 21:)"2"':) - b2‘\”° — o b

or, expanded,
&, + &, = 3By — 3Bv cos 27 + 344V sin 27 + (4624 + 20N, a)sin T
- + (46269 — 2000 cos 7 + 38%aPsin 37 + 3874 cos 37,
¥, + ¥, = 3B + (LEB%9Y + 2ir,¥") sin 7 + 2iN, o cos T

+ $Ba" sin 27 — 3 Ba cos 27.
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In order to satisfy the periodicity condition we must have
(59) 200,00 4 40200 =0, 200,90+ ILEO =0,
4602 o? — 240,00 =0, + 200, 9P = 0.

The equations of the second column are satisfied by taking

D= y"=0.
Solving the other two we find

A, = = 26, o —ia’) = 0.
Equations (59) can also be satisfied by taking

N=0"=al=q0=0, ¥® = arbitrary,

but this would lead to the development of the solutions in which the characteris-
tic exponent is zero, and these solutions will be discussed later.

It was known at the outset that there were two values of A equal numerically
but of opposite sign. We will choose the one with the positive sign. The solu-
tion for the negative A can be derived from the solution for the positive A. The
condition a” — ia{” = 0 still leaves us with an arbitrary constant. Since the
equations are linear this constant will enter the solution linearly and may there-
fore be taken equal to unity. The arbitrary constant is restored in (79) after
the solutions are completely developed. We will take then o = 1 which makes
o’ = —i. Consequently

(60) ¢, =cosT —isinT, ¥, =0.
Integrating (58) with these values, we get
¢, = 3BYY + o cos 7 + o sin T + 1By cos 27 — 1B sin 27
(61 + 38%cos 37 — 3B%¢sin 37,
¥, = 3Ba + P cos T + P sin 7 + 4Ba cos 27 — L BaV sin 27.
Coefficient of p.
by + =487 + [ — 2, + 467(a’ — )] cos 7
+ [ 2074463 (o)’ +ia") ] sin T+ §ByP sin 27— EByP cos 27,
(62) ¥y +¥s=[3PB—3i018—14iR ] + [ 20,7+ 167" cos 7
+ [ 200,94 3BV ] sin 7+ [ — 3 aPB+4,46; B+ 21i3* ] cos 27
+ [ 3P B+ 1 02 B— P 8%]sin 27— 387V cos 87— 384} sin 87.
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From the periodicity conditions we must have
— 20 + 40} (o) — i) =0,  FB " —2in,0 =0
20\, + 462 (id? + o) =0, 200,90 + 26740 = 0

The last two equations can be satisfied only if ¢" = o> = 0. The first two can
be satisfied only if A, = (a{” — ia{’) = 0. The condition (&’ — ial’) = 0 again
gives us an arbitrary constant. Then by (56) ¢, = c(cos T — i sin 7), but this
is the same as ¢, multiplied by cu. That is, the solution is repeating itself one
degree higher in w and this, of course, should be expected since the equations
are linear, so that any solution multiplied by any power of x must satisfy them.
We are at liberty then to choose the arbitrary ¢ = 0, which is the same as
choosing oV = o = 0. Integrating (62) with these values, we find

= 3BYP + a® cos T + P sin T + 1ByP cos 27 — 3By sin 27,
(63) ¥,=[3aPB — i B — 2LiB ]+ oV cos T+ ¢PsinT
+ [3aPB—11i0:8—{5iB%] cos 27+ [—3aPB—I102 B+ 3 8°] sin 27.

It can be shown by induction at this point that ¢ and A involve only even
powers of w, and that +r is an odd series in #. Furthermore ¢ contains only
odd multiples of 7, and 4 only even multiples. Consequently

=P =0 =) =g =P =

and all
¢zj+1 = ‘I"z; =0.
Coefficient of u*.
¢ +b,=[—2N,+46; (6P —iaP)—160;— 10628 ] cos T4 [ 2iA,
(64) +46: (idP+a)+16:0; ] sin 74 [ 66} 87+ 3B* dP + £ 3 cos 87

+ [—6i6 B+ 3B8%aP—48iB"]sin 87—21 B cos 57+ 31iB" sin b7.
Therefore, from the periodicity condition, we must have
— 2\, + 462 (P — iaP) — 166; — 106: 3= 0,
2in, + 46 (ia® + o) + 166} =0.
Solving these equations, we find

M= 80— §0E, P i =]

In this last equation we can choose a? = $8* and a? = 0. This choice of
a'? and o will make the coefficient of sin 7 in ¢, equal to zero, and since the same
thing occurs for each ¢, it is evident that this method of choosing will simplify
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the solution by making the coefficient of sin T equal to zero for all powers of x.
We have then on integrating

¢, =a,cos 7+ [— $013° — $£:%:8*] cos 87 + i[$6;8° + #P;8*] sin 87
+ 1§58 cos b1 — ;I5iB* sin b7,
Yy =i[—3018—21B%] +i[ — 41 618 — {5 8] cos 27+ [ — 31 i B—{ B*] sin 27,
¢,=3$B%cos T — 38 cos 37 + i3 sin 37,
¥, = —$i — }iB cos 27 — 18 sin 27,

(65)

¢,=cos T —isinT,
A=201u* + (— 86 — 5618 )u' + -

The coefficient a, of cos 7 n ¢, is determined by the periodicity condition
on ¢,. That the process of determining the values of the A and the constants of
integration arising at each step is general may be shown as follows. Let us
suppose that we have computed everything up to and including ¢, with the
exception of the constants of integration in ¢,. We have then

¢, = a’ cos 7 + af’ sin T + known terms.
The of” and af” enter v, , as follows:
Yt + ¥y, = 38 sin 7- ¢, 4 known terms,
= 3Bay — $Bd cos 21 + g,&zﬁﬁ sin 27 4+ known terms.
Consequently in so far as it involves & and of?
Vi = 380 + 1By cos 21 — 1 Bal sin 27.
Similarly, in so far as ¢, , depends upon constants as yet undetermined
Bt o= — 20— 20,81+ (46— 187 + 468 co8 27] ¢, + 38 sin v,
=[— 2N + 40} (o — iaP) + A;,,] cos T

66
(66) + [20N,, + 46 (id + o) + B,,,] sin 7
+ 38%a cos 837 4 38%ay’ sin 87,
where A] 4o and Bj +o are the known terms in the coefficients of cos T and sin 7

respectively. From the periodicity condition we must have

— 20+ 467 (df — iaf) + 4;,,=0,
+ 2iNy,, + 401 (i + &) + B, =0.

(67)
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The solution of these equations is
Ay = %(Aj+2 + iBj+2)’
(68) 4,,—iB

Jt2 — "Ti+e

M _ o) =
al 10 8¢

As has already been pointed out we can choose af? = 0 and we have then

(69) P = — “_.4_-'£ iB;,,
1

In order to show that A, and af’ are real it will be sufficient to show that
A,,,is real and B,,, is a pure imaginary. This is readily shown by induction,
for up to j = 4 inclusive we have

¢, = m, coskT + %Y n, sin kT
K 3

Y, =13 [ COSKT + 3 g, sinkT
x [3

«» J. and g, are all real. From the form of the differential equa-
tions it follows at once that the same forms hold for j = 5, then j = 6, and so
on. Thatis 4, is real while B, , is a pure imaginary.

It is further to be noticed that 4, , and B,,, do not contain any terms in 8
independent of 6?, and consequently the 6 which appears in the denominator
of of) will divide out. This is proved as follows. If 6} be put equal to zero in
the differential equations then equations (62) become the equations of variation
of a circular orbit in the ordinary two-body problem, the plane of the circle
being inclined to the plane of reference by an angle whose sine is Bu = s.

The original differential equations (6) can then be written

where m,, n

o (1=¢)(1—-¢) r ” q
(10) ="y — v B, ¢'=-— CEYall Q,

where the constant ¢? is given the form (1 — s?)(1 — €®). For these equations
we have the solution

_ (1=€)V1—¢s*sin’*(6— Q)
= T T ¥ ecos (6-9,) ’
(1 —€*)esin(6—Q)

1+ecos(6—6, °

(71)

g=a

where

(0—6,)=(r—7)+ 2esin(7— 7))+ ---.

Trans. Am. Math. Soc. 6
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Let us now form the equations of variation by putting

r=r,+p, 9=q,+ o, e=e,+ €,
where 7, ¢, and ¢, are the values in (T1). We find

, R OR  OR

P=r Pt 5% 3 ©

, 00 oR 0@
=% Pt T B

(72)

Three solutions of these equations are given by *

or, or or,

P=Ctza> P=G%> P=Cp>

9g, 94, 94,

(73) 0'=Cl-aﬁ, g = 2—6"7_—0, g = 0356;’,
Oe Je Jde

e=cla—(;, e=c25;°, e_c3a—e°.

If ¢, 4 O these three solutions are distinet, but the case in which we are interested
is when ¢, = 0. In this case it is not difficult to see that the first two solutions
coincide. Since the equations are linear, the system

Cor, o,
P=c|z0 "o, |’

[0q, 9¢q,]

(74) 0’=C4 —5(’)——5?—,
[Oe, Oe,]

=< 50 "o |

is also a solution, but as it vanishes for ¢, = 0 it carries ¢, as a factor. We
can divide out this factor and absorb it into the arbitrary c,. For ¢, = 0 this
solution does not now vanish, and it is moreover distinct from the first solution.
Thus we have three distinct solutions even when ¢, = 0, but since 0¢)/de, = 0,
and O R [0e, carries e, as a factor, equations (72) pass over to the equations of
variation of a circle when ¢, = 0. For these equations we have three solutions
which are periodic with the period 2. The fourth solution is not periodic but
involves a term of the form 7 times a periodic function.

Let us return now to the solution which we have developed, (656), and consider
only the terms which belong to the two-body problem, viz., the terms which are

*See Les Méthodes Nouvelles de la Mécanique Céleste, vol. I, p. 163.
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independent of 6?. This solution may be separated into two solutions, one of
which is real, the other a pure imaginary. The real solution is the third solu-
tion of (73), and the purely imaginary is the second solution. Since both of
these solutions are certainly periodic with the period 27, it follows that no term
in B alone can occur in the 4. ,and B, , of (66) for the presence of such
terms would give rise to non-periodic terms in the two-body problem. Hence
4,,,and B, , carry 6} as a factor which may be divided out in equation (69).
Further Moo (68), carries 07 as a factor and therefore A vanishes with the
oblateness of the spheroid.

The solution (65) may now be written

P = e [ 4 ip?],

(75) .
o) = &N [YO 4 jY®],
where
¢® = cos T + [§B% cos T — §4° cos 37 ] pu’
+ [2,0087 + (— 1038 — 35) cos Br + 1]5B cos rlut+ -,
¢? = —sinT + [$B%sin 37] p?
(76) + [(§6}8° + {f58*) sin 87 — 5B sin 7] p* + ...,
YO = [— 4Bsin 27 p + [(— {028 — 5B°%) sin 27] i + - .-,
YO = [— 3B — 1B cos 27] u
+ [~ 108 — 1) + (= 1018 — ) con 2] 4 -
By putting

e = cos AT + % sin AT

we can write

PO = [¢PMcos A — ¢P sin A7 ] + i [ ¢ cos AT + ¢ sin A7 ],
77
" o® = [V cos At — Y@ sin A1) + i [P cos A7 + Y sin A7 ].

We have thus one solution of the differential equations. A second solution
can be derived from it by merely changing the sign of ;. Thus

p? = [¢Pcos A\t — @ sin A7] — ¢ [ $? cos AT + PP sin AT ],
o® = [YPcos AT — Y@ sin At ] — ¢ [P cos AT + Y@ sin At ].

(78)

By adding and subtracting these two solutions we have finally

p=A[p® + p®]+ B[p® — p®],
o=A[c" + @]+ B[c® — o],

(19)
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A and B being two arbitrary constants. As above developed there is a certain
arbitrariness in these solutions owing to the manner in which the constants of
integration were determined. They may be reduced to a normal form by multi-
plying each solution by the proper power series in u? with constant coefficients.
By this process we cah make for r =0,

PU(0) +p2(0) =1,  o®(0)—o®(0) = Bu.

Since [p® — p®] and [o® + o@] are sine series they vanish for 7 =0.
The third and fourth solutions of the equations of variation, (51), are given by *

or, ,0(ar,
P3=05,;0’ P4=D—a;‘"s

(80) 5 5
o — 2% o,=D'-(—5’§°).

In forming the partial derivatives with respect to @ in the fourth solution it
should be remembered that 6% is an explicit function of @, by equations (4),
and that 7 is also a function of « implicitly through n. The third solution also
can be normalized by giving the arbitrary constant such a form that at 7 = 0

p3=0, 03=O'Bp.

The fourth solution is non-periodic and has the form

ar dq
(81) P=.D[’Ta—7::+¢_‘], 0'=_D['T—6‘r(?+\ll‘4],
where ¢, and 4, are periodic functions of 7 with the period 27. Asin the
previous solutions this may be normalized so that at 7 =0
p4=D32p.2, 0'4=0.

It is also easy to find ¢, and -, by substituting (81) in the equations of varia-
tion and solving for these variables, which must be periodic.
Carrying out the above operations we find the following general solutions

p=A{cos(1—\)7+ [—}Bcos(1—\) 7+ §B%cos (14+7) 7—§Scos B=N)7]u?
+[(— o+ 10280+ 318 cos (1 — )7+ (3o, — 38" cos (14 2)
+ (= 161" — 4B") 003 (8 — N)7 — g cos (3 + W)
 1hof 008 (5 = M)7]ut + 1)

*See Les Méthodes Nouvelles de la Mécanique Céleste, vol. 1, p. 163.
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+ B{}sin (1=A)7+[(—%8—§67)sin (1—A)7— $- B sin (1 +0)7
— JsBsin (38— M)7]wt -}
+ O ([~ 387 sin 2r] Wt + [(F508° — §8") sin 27 + JoBisindr]ut + -}
+D{{[18 + 18 cos 27]u + [ (368" — #48")
+ (—§6; B+ 18" cos 27— gy B* cos dr]ut -} +7{ [ 48" sin 27]
+ [(33018" + 11 8°) sin 27 — gy B sin dr]ut + -} ],
o=A{[3Bsin At — 3Bsin (2 — M)t ]p +[$6}Bsinr
— 1101 Bsin (2 —AN)T]pl+ -}
+B{[$BcosAt+ }Bcos (2 —A)T]pu+[—36;8cosrr
(83) +36:Bcos(2—A)T P+ -}
+C{[BeosT]p+ [0]p*+ .-}
+D{{[3Bsin7]u+[(— 618+ 38%)sinT]p’ + -}
+ [ 80 con T1t + [(— QOB + P con 7w + -} .

(82)

§ 13. Non-homogeneous linear differential equations with periodic coefficients.

If we have a set of homogeneous linear differential equations

de, &
(84) '&’t"= ]z=:10'j(t)wj, (i=1,---,n),

where the 6, are periodic functions of ¢ with the period 27, we know from the
writings of Floquet * that, if the roots of the fundamental equation are all dis-
tinct, the solution has the form

(85) X, = Zj: Aj eaj[¢ij(t) ’

where the A, are arbitrary constants, the @, are constants known as the charac-
teristic exponents, and the ¢ are periodic functions of ¢ with the period 2.
Such equations arise in dynamics whenever we study small variations from a
known periodic solution. If we confine our attention entirely to the first powers
of the variations the equations are linear and homogeneous, and are known as the
“equations of variation.” They have been studied extensively by Poincaré in
Les Méthodes Nouvelles de la Mécanique Céleste. If the second and higher

*Annal_es Scientifiquesdel’kcole Normale Supérieure, 2d series, vel. 12 (1883),
p. 47.
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powers of the variation are considered equations of the same type arise but they
are no longer homogeneous. It is necessary for our purpose to derive the
character of the solutions of such equations when the non-homogeneous terms
are periodic, even though the period be different from 27w. We will suppose
that the equations are the same as (84) with the addition of periodic terms.

Case 1.

We will assume first that the period of the non-homogenous terms is 2.
The equations are then
de, & )
(86) %—_'jz::,e""w"-’-g‘(t) (i=1,.--, ),

where 0, (¢) and g,(¢) are periodic with the period 2. The solutions of (86)
may be written

0 ’”‘=g“‘fe“"'¢.-,~(t) + (%) (=1, m).

If in the differential equations we change ¢ into ¢ + 27 the equations remain
unchanged, but the solutions become

(88) @, =2 A e NG (t + 2m) + Y, (¢ + 2m).
Jj=1
Therefcre equations (88) are also solutions of (86), and consequently

G+ 2m) = 20,9, (¢ 4 2m) + ,(0)
also

d Lo
d‘t\lr'(t) = jgloij‘l’j(t) + gi(t)’
Forming the difference of these equations we find
d n .
(89) g [¥:(t +2m) —¥u(¢)] =j2_319,-,-[*le-(t+27f)—~lf,-(t)] (i=1,---,n).

These equations are the same as (84) and their solutions have the same form as
(85), that is

(90) ‘l’i(t + 27")"‘!’;(t)=gBjeajt¢.’i(t)‘

The constants B; in this case are not arbitrary but depend upon the differential
equations. They may or may not be zero. Equations (90) may be interpreted
as showing that v, (¢) is composed of two parts, a periodic part and a non-
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periodic part. We may express it therefore in the form

(91) V(D) = 0(8) + X Bed, ()7,(0),

where o,(t) are periodic with the period 27, and the f(¢) are functions which
must be determined. Changing ¢ into ¢ + 27 in equations (91) and forming
the difference yr,(¢ + 27w) — ¥, (¢), we find

(92) (¢ + 2m) — P (8) = jZ:;B,e“%.y(t)[ez“""fv(t + 2m) —f;(2) 1

= JZ___I B¢ (t) from equations (90).
Comparing the coefficients in these equalities we see that

(93) o f,, (¢ + 2m) — f,(t) =1,

from which we can determine the character of the functions Sy (t).
For this purpose let us define a new function A_(¢) such that
asé

(94) Ay () = e, (8) + [

Then by virtue of the relations (93) the A, (¢) are periodic with the period 2,

for we have
et . o2

A (4 2m) = e 2ﬂﬂff(t-}-2-:r)+1 g

e’ ez“:"

= [ (0) + 1]+ §

a,t

= evf, (t)+1 poeg)

= ij(t)'
On solving (94) we find
1
(95) j:,(t) = "%, (t) + o —1°

where the A are periodic with the period 27r. This expression for the f, (t)
substituted in (91) gives

06 W(O= 00+ 5 Boh+ Xty 8, (0):

The terms included under the last summation sign are merely terms of the com-
plementary function. All the other terms are periodic with the period 2.
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This form for the -, (¢) fails however if for any j
e =1,
that is, if
;=0 mod —1.
In this event equations (93) for such values of j become
(97) Syt + 2m) —f, () = 1.
We will define the corresponding value of A, by the relation

(98) A, (8) = £y (1) — 5

By virtue of (97) A is periodic with the period 27, for

t+2
A (¢ + 27) = £, (t + 2 )_ =,

=j;'j(t) - Q;’

=2, (t).
Solving (98) for f,;(¢), we obtain

, t

(99) Jy(8) =2 (8) + 5.
Substituting this expression in (91), we find
(100) V,(t) = periodic terms + %’_ ; B, e, (1),

the summation in the last term to be extended over all j such that a, = 0
mod V' —1.

We have then the general expression for the solution
(101) =z, = j—‘ ;e ¢, (t) + periodic terms + 5, Z B et (t),
where the summation in the last term is to be extended over all j such that
a, = 0 mod v/ —1.

This result may be stated thus:

Taeorem 1. If the 0,,(t) and g,(t) are periodic with the period 2m and
if the characteristic exponents o, are distinct and none of them congruent to
zero mod V' — 1, then the particular solution is periodic with the period 2.
If the a, are distinct but some of them congruent to zero mod V=1, then the
particular solution may involve terms of the form t times the corresponding
complementary function.
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Case I1.

We will suppose that the g;(¢) are periodic and that the period is different
from 2. We will suppose further that g,(¢) are expressible in the form

(102) g(t)=3 [a, cos (j+B)t+b, sin (j+B)t] = e ((t)+ eI 7ELf ¢Ye),
i

where f"(¢) and f?(¢) are periodic with the period 27 and 8 is any real
number not an integer. The differential equations may then be written

(108) % = 20,3, + ITHR(8) + ITOSO(2).

Since the equations are linear we can consider the particular solutions depend-
ing upon e”~'#* and ¢~¥—1#¢ separately. The complete solution will be the sum
of the two. Let us consider first

de, & —
5= jz=‘: 0, + eV1BLO(t).

If we make the substitution

(104)

__ N=iBt
T, =e Y:

equations (104) become after dividing out the exponential

dy, — 2 |
(105) v =iy, = 20,5, +70(0)-

Since 0..). and f are periodic with the period 27 the discussion of the character
of the y, reduces to Case I. The characteristic exponents of equations (105)
are (a , — v—1 B), where the a, are the characteristic exponents for the homo-
geneous equations (84). Applying Theorem I we conclude that the y, are peri-
odic with the period 27 provided

aj$1/_:_‘i;8 mod Vv —1 (G=1,+-,n).
If, however, for any value of j
a = V—18 mod Vv —1

then, in general, non-periodic terms will arise just as in Case 1.
The discussion for the second part of the differential equations

(106) O 30, + e ()
Jj=1

shows similarly that the particular integral is periodic if
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In equations arising in dynamics the characteristic exponents a; enter in pairs,
equal but of opposite sign. Consequently for such equations this last condition

aj$——l/—_i18 mod vV —1 G=1,+n),
does not differ from
ajE|E+l/——1/3 mod 1/ — 1 (=1, n).

We have then the following
Treorem IL.  If the 0 are periodic with the period 2w, and if the g,(t)

have the form
g:.(t) =Y [a,cos (k+ B)t+ b, sin(k+ B)t],

and if the characteristic exponents o, are distinct and none of them congruent to
+ 1V —1B8 mod V' — 1, then the particular solution has the form

=3 [ec,, cos (m + B)t +d,,sin(m+ B)t].
If any of the a; are congruent to =V —18 mod V' — 1, then the particular
solution will, in general, contain, in addition to periodic terms, terms of the
form t times the corresponding complementary function.

Let us suppose that one of the a; is congruent to v/ —18 mod v —1.
Then, in general, the solution will contain non-periodic terms. If now the g,(¢)
contain also terms of the form 3 (p + ¢B)¢, where p and ¢ are integers, these
terms will not, in general, give rise to non-periodic terms in the solution, for the

a; will not, in general, be congruent to vV—1 g8 . _Indeed, if B is not rational,
for no integral value of ¢ except unity will — 198 = a,. But if 8 (and
therefore «. also) is rational, then certain values of ¢ do exist for which
a,=1—1¢B. Let us set
e— I

a = 3 1/ -1, B= :f )
where ¢ and j are integers relatively prime, and similarly for 7 and /. By
hypothesis

i I

3—750 mod 1;
then

i 1

3-—q7$0 mod 1

unless ¢ = 1 4 I/ (I an integer). In this event a term of the form
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e (p + gB)t can also be written s (7 + B)t (» an integer) which involves only
the first multiple of B, and the solution in general involves non-periodic terms.

Case I11.

When two of the characteristic exponents of the homogeneous set are equal
the preceding arguments are not applicable. Let us suppose that the homo-
geneous equations are

de, & '
(107) at =§10va (i=1,---,n),

but that @, = a . The solution then has in general the form

n—2

T, = ZC’J.e“:‘@j(t) + [A4 + Bt]ew'e, (1) + Be™ ¢y, _p(t)-
j=1
Suppose now the given equations are

de, &
30 % + g.(2),
dt jz=l ij] +gt( )

where the 0, are the same as in (107) and the g, are periodic functions of ¢
with the period 27. Let the particular solutions which depend on the g,(¢) be

a, = ¥, (2).

Just as in Case I we find

(108) G [¥u(e+ 2m) = 9] = 220, [, (¢ + 27) = ¥, (1))

and consequently

n—2

(109) ¥ (¢ + 2m) —¥.() = jg Cied,; (1) + [A'+ Bt]e' b, (6)+ Be™ by, 1 ?)-

The terms included under the summation sign are obviously the same as those
treated in Case I. Neglecting these we may write

(110) ¥, (¢) = e'¢,, (1) fiu(t) + € - biguny(¢)Sin—0(¢) + periodic terms,

where f, (t) and f;,_,(¢) are functions whose forms are to be determined.
Let us form the difference v, (¢ + 27) — ¥,(¢) by means of (110) and compare
the result with (109). From (110) we get

V(P4 2m) — ¥, (8) = [ [, (¢t + 2m) — £, (£)] e b, (t)
+ [ € fran(t) = Fran (8)] € D01y (2)-

(111)
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Comparing this with (109) we see that we must have
e f ( + 2m) — f, (1) = 4 + Bt,
eza“”:fi(n—l)(t + 2'") - t'(n—l)(t) = B.

Let us now define two new functions

(112)

. A 27 B¢~ . B'te*
AL (2) =exfi (0)+ y + (1- 62""")i ot 1 — ¢’
(113)
Bet

M (6) = iy (8) + 1

By virtue of the relations (112), »,, (¢) and A,,_,(¢) are periodic with the period
2w, and consequently

A 2m B et Bt
.&U)=f”&&0*[w;;1“@mn_n4 o
(114)
B

.f:'(n—l)(t) = e_a"t A'i(n—l) + e?a.r_:i )

where A, (¢) and A,,_,(t) are periodic with the period 27r. Substituting these
expressions in (110), we find
A’ 2m B'¢*nm Bt
V() = [(—e‘ﬂ;f_'“i") T (e Z1p T (e = 1’)‘] e, (t)

’

(115)
+ (@ 1) e .., () + periodic terms.

Comparing these terms with (109) we see that they are merely terms of the
complementary function and that therefore

x, = complementary function + periodic terms.

These results hold provided a, 20 mod 1/ —1. Inthe event a =0 mod ' —1
equations' (112) become

(116)  fo(t +2m) —fo(8) = A"+ Bt,  fio_p(t +2m) — [0 (8) = B
It is necessary to give new definitions to the A functions. We will let

B, A—Bwx B
1T) A, (8) =fiu(t) — 4 — =5t N (1) =Sun(t) — 5t

which give

B A — B
(118) £ (8) =N (8) + 4B+ =5

~

B
) ,f;(n—l)(t) = A'i(u—l)(t) + 2'n-t.

2
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It is readily verified that A, (¢) and A,,_,,(¢) are periodic by virtue of (116).
Substituting these expressions in (110), we find

(119) Y (t)y=e>* { [437'1, &+ ‘—4—3,5 T t] é.(t) + QB; (T )} -+ periodic terms.

If we let

A — Bw B
2w =0 =D

we get
Vi (t)=e={[Ct + $D¢*] ¢,,(t) + Dtd,, ()} + periodic terms.

This expression is not quite the same as ¢ times the corresponding complementary
function for in one term we have the coefficient 1 D instead of . The theorem
for this case then is

TreoreM IIL. 10, and g,(t) are periodic with the period 2w, and if two
of the a, are equal but not congruent to zero mod V'— 1, then the particular
solution consists of terms periodic with the period 2w plus a constant times
the corresponding complementary function. But if two of the a; are equal and
congruent to zero so that the corresponding part of the complementary function
has the form

e {(A + Bt)¢, () + Bey_y(t)}

then the particular solution consists of a periodic function plus a term of the
Jorm
e {(Ot + $D8),, (1) + Dty (2)}-

§14. Special theorems for the equations of variation.

The foregoing theorems presuppose merely the conditions that the coefficients
are periodic with the period 27. Further facts with regard to the solutions may
be established when further facts are specified with regard to the coefficients of
the differential equations. Our equations of variation (561) may be written

d, dp, — , do . -
(120) ;;Tl = Py (‘;1: ezpl + 030'1* "';l =0, E,’.z = 9391 +6,0,,

where the notation with respect to the 6’s has the following significance: even
subseripts denote functions even in 7, and odd subsecripts denote functions odd
in 7; one dash indicates that only odd multiples of = are involved, and two
dashes indicate that only even multiples of 7 are involved. The solutions,
equations (82) and (83), may be characterized in the same manner, and are
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then
po=Ad(7) + Ba(7) + Ca,(7) + D[a,(7) + 7a,(7) ]

p,= AB,(7) + BB,(7) +0§4(7) + D[Es("') + 7§4(7)]’
g, = AWI(T) + BY,(T) + Oy, () + D['73(7) + 77,(7)].
Gy = A=§2('T) + B§1(7) +083(7) + D[E(T) + ng('r)]’

(121)

where the notation is the same as for the 6’s with the exception that in the
first two solutions every integral multiple of 7 is increased by = A7, e. g.,
cos (8 + A)7. On these terms the dashes refer only to the integral part of the
coefficients of .
Suppose now we have the following non-homogeneous equations :

d I .

‘;;l=/’z’ “ll%= ,py + 0,0, + 9(7),
(122)

do do.
E;.l =0y 372= yspl + E‘Tl +f(7),

where g (7) and f(7) are periodic with the period 27. Since the characteristic
exponents are 1 — 1\, — 1/ '— 1, 0, 0, by Theorem III the solution has the
form

po=(p) + & =(p) + o(r) + ara, + b[ 37°a, + 7a,],
Py = (p,) + &= (p,) + 0,(7) + atB, + b[37*B, + 7B,],
o = (o) + n = (0,)+ o (7) + aty, + b[ 377, + 7v,],
o,=(0) +n,=(0,) +o,(7)+ ard, + d[ 378, + 78,],

where (p,), (o) indicate the complementary function and £; and 7, are the par-
ticular integrals, of which the w, are the periodic parts. The @ and b are con-
stants which depend upon the differential equations. Since the  and 7, satisfy
the differential equations we have

(123)

d d _ .
d“,r‘fl('r) = §&(7), d;fz('f) = 9251(7) + O, (7) + g(7),
(124)

L = () (1) = BE(T) + B (1) + 1)

Changing 7 into — 7 in these equations, we get

:il; £ (—7)=—&(-"), di,,. &(—m)= _7251(—7) +g3’71(_7)_9(_7) y
(125)

L= ==y =)=+, E (=) =B (— )= f(=)-
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If now we make the additional hypothesis that ¢ (7) is an even function of 7
and f(7)is an odd function, equations (124) and (125) may be combined into
the following set

2 ()= E(= D]=[&(m) + &(= D],

& e+ B(— DI =BLE(T) —E(=DT+8[n (D) + 1 (=],
(126)

di'lr [n(m) +m(=7)I=[m(7) = m(—="7)],

4 () = (=)= 0L E(1) — E(=) 1+ B () m (=),
These equations are the same as (120). Therefore
51(7\)— ‘fl(_T)= Aaz('r)'*'B_dl(T) + 03&3(7) +D[-54(7) +Tas(7)]’
E(T)+&E(—7)= ABl(T)'I’BB—z(T) + 0§4(7)+ D[Es('r)"" T'§4(T)]’
n(7)+m(=7)=A%(7)+B7,(7)+ O7,(7) + D[7(7) + 77,(7) ],
my(7) = m(—7) = A8 (7) + B (7) + O8(7) + D[3,(7) + 78,(7)]-

(127)

Putting 7 = 0 in these equations we get from the first and the fourth
(128) 0= Aa,(0) + Da,(0), 0= 43,(0)+ D3,(0).

Either A = D=0, or the determinant a,(0)8,(0) — 8,(0)a,(0)=0. But
it is readily verified that the determinant is not zero. Therefore 4 = D = 0.
If we suppose that £,(0) =#,(0) = 0 (we shall be interested only in such
cases), it follows from the second and third equations of (127) that

0 =BB,(0)+CB,(0), 0= B7,(0)+Cy/(0),
and hence B =C = 0. Consequently

El(T)_gl(_T)-:O’ 2(7)+§z(_7)=0’

(129)
n(m)+m(=7)=0, (7)) —n,(—7)=0.

We have then

Tueorem IV.  If g(7) is an even function of T and f(7) is an odd jfunc-
tion of T, and if £,(0)=1,(0) = 0, then £ (7) and 1,(7) are even functions
of 7, and E,(7) and 1,(7) are odd functions of 7.
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In the same way it can be shown that if g (7) is odd and f(7) is even, and if
£,(0)=1n,(0) =0, then £ and 7, are odd and £, and 7, are even.

Let us suppose now that g () is periodic and contains only even multiples of
7, and that f(7) is periodic and cortains only odd multiples of 7. The general
form of the solution will be the same as (123). £, £,, ,, and 7, satisfy the
differential equations

Lem =6, e (r) =BE(n) + Bn(r) + (7).
) )
g;ﬂx(7)="72(7)’ Eﬂz("')r‘ysfl(")+y4"1(7)+f(7)’

Let us denote £,(7 + ) by £,(7) and n,(7 + 7) by 5;(7). Then by chang-
ing 7 into 7 + 7 in (130) we have

d d , -
FEM =B L) =BE) = 05(r) + (),
(131) p p
MM =),  gon(7) =—0,E(7)+ 8 (7) = F(7).
From (130) and (131) it follows that
L le—E1=[6—E] (6 E1=B[E— £+ 6,[n, + ],
(132) .
dar [7+n]=[n+ ’7;]’ dr [, + 77;] = 93[E1 - ‘E;] + ?4[771 + 7]
The solutions of these equations, which have the form of (120), are
E—§& = Aa,(7) + Ba(7) + 033(7) + D[3,(r) + 753(7)]’
£ — & = AB,(7) + BB,(7) + CB,(7) + D [By(7) + 7B(7)];
m o+ m =A% (7) + By,(7) & Cv,(7) + D[v(7) + 77(7)];
N+, = A-s-z('r) +~B§1(7) + 0783(7) + D[—84(7) + 783(7)]'

(183)

Forming these expressions directly from (123), we get

£ — &l =o(1) — o (7 + m) — [am + $br"] 5 (7) — b [7a(r) + 3(7)],
£, — & = or) — o1+ m) — [am + $br*] B(7) — b [7B(7) + By7)],
m+ 1= 0f1) + @t + ) — [am + 3br?]7 (7) — b7y (7) + ¥4(7)]
4 1y = 0,(7) + ot + 7) — [am + §or7]8y(7) — b [18(7) + 8,(7)].

(184)
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Comparing (133) and (184) we see that
A=DB=0, = — [am + }b7*], D= —bm,
0(7)—o(r+7)=0, o, (1) + o (t+7)=0,
0, (1) —w,(t+7m)=0, o(t)+o(r+7m)=0.

Therefore w,(7) and w,(7) contain only even multiples of 7 while w,(7) and
o,(7) contain only odd multiples, and by carrying this result into (123) we find

£ =o,(7)+ at3,(7) + b[37°F,(7) + 7a,(7)],
£, =o,(1)+ a'r;—8-4('r)+ b[37B,(7)+ "'Es("')]’
n = @, (1) + atv,(7) + b [377,(7) + ,(7)]s
ny=0,(1) + at8,(7) + b[37*8,(7) + 78,(7)],

and hence we have

TaeorEM V. If g(T) contains only even multiples of v and f(7) contains
only odd multiples, then £ and &, contain only even multiples of T and 71, and
7, contain only odd multiples.

If in addition to the above hypotheses we suppose that g (7) is an even func-
tion of 7 and f(7) is an odd function, then £ and 7, are even functions of 7
and £, and », are odd functions. Therefore 5 = 0. But if g(7)is an odd fune-
tion and f(7) is an even function, then £ and 7, are odd functions and £, and
7, are even functions, so that in this event ¢ = 0.

In the same manner as above we prove

TuaeoreM VI. If g(7) contains only odd multiples of T and f(7) contains
only even multiples, then £, and &, contain only odd multiples of T and n, and
7, contain only even multiples. Furthermore £, §,, n, and 7, are periodic
with the period 2.

If g(7) is of the form 3  m, cos(j=+A)7 and f(7) has the form
3, m, sin (j == \) 7 then, since == 1'— 1\ are the characteristic exponents of the
homogeneous equations, the form of the solution is, by Theorem II,

(185)

E = Zpg) cos (k)T + pr)sin(k:hl)'r + a®73 (1) + a®7a,(1),
k k
E,=2qPcos (k£A)T+ Y ¢Vsin (k:!: AT+ eV, (1) + a®1B,(7),
k k
136
( )"71 =) rMcos (k+ AT+ > rdsin (k= A)T + a®7y,(7) + a® 7y, (1),
k k

n,= ZL:.s(,’) cos (k+=N)T + ;sf’ sin (k== \)7 4+ a8, (1) + a®78,(7);

but since g (7) is an even function and f(7) is an odd function, £ and 7, are
Trans. Am. Math. Soc. 7
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even functions and £, and 7, are odd functions. Therefore all the coefficients in
(136) which have the upper index (2) are zero. But if g (7) were an odd func-
tion of 7 and f(7) an even function then all the coefficients in (136) which have
the upper index (1) would be zero. Therefore

Taeorem VII.  If g(7) is of the form 3° . m, cos (j+=N)T and f(7) has
the form 3. n sin (j = \)7, where &= V/— 1\ are the characteristic exponents
of the homogeneous equations, then the particular solution has the form

E = p,cos(atr)r+ Ara (1),
£ = ;pb sin (b £ \)7 + A7B,(7),

N, =Y p, sin (¢ £AN)T + AT7,(1),

7= D p,cos (d=+=A)T + A7S (7).
d

Also,

TaeoreM VIIL.  If g(7) has the form 3 m, sin (j==A)T and f(7) has
the form 3. . n, cos (j = )7, where &= V' — 1\ are the characteristic exponents
of the homogeneous equations, then the particular solution has the form

g =D r,sin(ax )7+ Bra,r), g, = r,cos (b N)T + BB (1),
a b

9, = . r,cos(ck )t + By, (1), n, =D r,8in(dEr)T + B-r-b‘;(T).
c a

It is understood that in the above two theorems @, b, ¢, d, and j are integers.

§15. Integration of the complete differential equations (50).

It will be conventent hereafter to use the following notation for the solutions
of the equations of variation :

p=Aa, (1) + Ba,(7) + Ca(7) + D[ a,(7) + T2,(7) ],
o= Ay, (1) + By,(7) + Cv,(7) + D[v(7) + ™0,(7)].

The o,(7) and v;(7) are characterized thus:

(187)

a,(7) involves only terms of the form cos [(2n + 1) +=A] 7,
,Yl(.r‘) “ “ € [ «  sin [2"& + x] T,
a(r) ¢ « e« ogin [(2n4+1)EN]T,
,),2(1.) 33 3 “ (Y33 “  eos [272 4+ K] T,

wn(r) v« s %o e sin[2a]r,
74(,1.) «“ “ N “ oo “«  cos [271, + ]_] T,
a4(7) n « «“ “w oo ¢ cos [27;] T,

,),3(1.) “ « <« [T «  sin [2n+1]7
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It will be convenient also to write the differential equations for p and o as

P” + 02P + 930' = 00016 + 0101 € + 0200P2 + 0110P°' + 9020‘72 +

(138) I o
"+ 0,0+ 0,p = OpoP” + 0,10p0 + Oy 0” + - -,

where all the @’s are periodic with the period 27, and 6, and 6, contain only
cosines of even multiples of 7, and 6, contains only sines of odd multiples of .
On the right side of the first equation the coefficients of terms carrying odd
powers of o contain only sines of odd multiples of 7. All the other coefficients
contain only cosines of even multiples. In the second equation odd powers of
o have coefficients involving only cosines of even multiples. All other coeffi-
cients contain only sines of odd multiples.
The initial conditions are

p=a, 0'=0, p'=0, o' = 9.

We will integrate equations (138) as power series in a, & and €, 7 entering into
the coefficients. From Poincaré’s extension of Cauchy’s theorem we know that
these series are convergent for any arbitrarily chosen interval for 1, 0 =+ = T,
provided |a|, |8] and |e| are sufficiently small. The equations of variation
involve the period 27 /A. The solutions are not periodic unless A is rational.
Hence 67 must be chosen in advance so that A is rational. We will suppose
then that A = J/ K, where JJ and K are integers, relatively prime. Then three
solutions of the equations of variation are periodic with the period 2 K7r.

Since p and o are expansible in powers of a, & and ¢, we may write

P = Pigg® + Pois® + Poon€ F Pane® + Prug?® + Pse® + o€ + pyy, O + Pooz€ + -+
T =0 + Ty 8 + Gp\€ + Tpe0 + 0,08 + 0,8 + 7,06 + 7 pe+ Tl -

Substituting these expressions in the differential equations (188) and equating
the coefficients of similar powers, we have :
Choefficient of a.
Plo + 0P + 050,0= 0,

Troo + 0,0, + 05010 = 0.

The solution of these equations is
Pro = A2, (1) + Ba (1) + Coy(7) + D[a,(7) + To,(7)],
Tio = AN (T) + By, (7) + O, (7) + D [v(7) + ™(7)]-

In order to satisfy the initial conditions we must have, at T = 0,

P100=1’ g =0, P;l)()=0’ 0';00=0.

100
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From these conditions we find

Aa,(0)+ Da,(0)=1,

Ba;(0) + Ca;(0)=0,

By, (0) + O, (0) =0,

A7 (0) + DLv;(0) + 7,(0)] = 0.

The solution of these conditional equations is

(189)

B=0, A='W>+W=A%’
(140)

100°?

_ M) _ 4o
c=0, D=-T1)_4

A=a,(0)[75(0)+ 7,(0)]—a,(0)y(0).
Hence the solution is

Pioo= Ay (7) + AQ, [2,(7) + Ta,(7)],

(141)
T0 = i, (7) + A% [7s(7) + 72, (7) ]
Coefficient of 8.
Poro + O2poio + G300, =0,
(142)

Too + 0.0y + Opy, = 0.

These equations are the same as for the coefficient of a. From the initial con-
ditions we must have at 7 = 0

’ ’
Poo =10, Tpo=0, Poo=0, o =1.

The solutions are

Por = A(olfoaz('r) + Af)zl)‘) [a&(‘r) + 7“3(7)]’

(143) .
T = AE,,)O'YI(‘T) + A(t;?o ['73(7') + 7'74(7)]’
where
o, (0) a,(0
A== 50 ag, =,
Coefficient of €.
Poor + 03P + 05004 = Oy,
(144) r”

T + 04"'001 + 03/’001 =0.

The right member, 8, , is a periodic function of 7 with the period 2. Further-
more it involves only cosines of even multiples of 7. Hence by Theorem V the
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solution has the form

Pon=Aa,(7)+ Ba,(7)+ Ca,(7)+D[a,(7)+72,(7)] +o,(7)+ara,(T),
Ta=4%(7)+ By, (7)+ Cv,(7)+D[vy(7) +mv,(7)] +7,(7)+ory,(7),

where a is a constant depending on 8, a,(7) is a cosine series involving only
even multiples of 7, and «,(7) involves only sines of odd multiples of 7.
From the initial conditions we must have at 7 = 0

(145) "

001=0, 0'001=O, p601=0, O

001

Determining the constants of integration so as to satisfy these conditions we
have the solution

Pon = A% 2, (7) + AR, [a,(7) + Ta(7)] + o(7),

(146)
=A@ () + AR, [15(7) + 77,(7) ] + %5(7)>

where

1 ’ ’
Agox = A [a436 - as('Bs + '84)]’

1 ’ ’
A{:gx =A [asﬂl - alBG]’

a6(1')=a5('r)—aa4('r), Ye(7) = 7(7) — ayy(7).

It will be seen later that the value of a,(7) for 7 = 0 plays an important role,
so that it is necessary for us to verify that it does not vanish. By hypothesis
a,(7) is the periodic part of the particular solution for p in the differential equa-
tions (144). Let us put in these equations

Poar = @ + atag(7), oy =V + amy,(7),
where ¢ and + are the periodic parts of the particular solution. We find
¢+ 0,6 + 09 = — 2aa)(7) + 1+ [(— 36 + §6?) — §B o8 2] + - -,
¥+ 0,4+ 0,6 = —2aB(7);

or,

¢+ 0,0+ 0,9y =1+ [(—86% + 8*) — 2(a, + §) B cos 27] 2,
“!""+04‘I’+03""= —2ao,38inq';¢+...’

where we have substituted

a=a0+a2/4.2+...
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The functions ¢ and Y can be expanded as series of the form

P=d+hu+ - b =Ps Pt

Then we get
¢+ ¢,=1, sothat ¢, =1+ ¢ cosT,

¥ + ¥, = (8 — 2¢,)Bsin 7 + B¢, sin 27.
Since 4y, is periodic we must have a, = £, and then
V¥, = ¢, sin 7 — 3Bc, sin 27,
¢, + ¢, = — }c,B%cos T + other terms.
Since ¢, is periodic we must have ¢, = 0. Therefore
p=a(r)=1+ P (¥), a=3}+psP(s),
a(7)=0+[$8 + {B*cos 27]p* + - --.

Consequently
(149) %(0) = 2,(0) — aa,(0) =1 + ' P,(u),
an expression which does not vanish identically.
Coefficient of o®.
Plie + Oy + B0 = By,
( 1 5 0) 200 217200 37 200 200

00 + 0,000 + 3P0 = Spo0
The right members of these equations have the following expressions :
= A [0 %5 + 01y %%, + O} ]
+ AL A [ 20,2, (s + ) + 0,0 { 2, (79, + %) + 7, (T, + ) }
+ 2007, (™7, + %)]
+ AR G0 (79 + @) + b1 (785 + @) (70, + %) + O (77, + %)°]
Sy = Al‘.}: (B s + G102 + G071 ]
+ A(l‘goA(oo[29ma2(7a +a) + 0,0 {a,(Ty, + %) + 7(Ta, + a,)}
28,007, (T, + 75) ]
A, [9,00(7% + o)+ Bug(ray + @) (77, + %) + Fou (7, + %))

The initial conditions are

Pao =0, g, =0, ro=10, a,,=0.
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Since equations (150) are linear, and their left members have the same form as
(61), the solutions will have the form

Poy = Aa,+ Ba, + Ca, + D[ 7a, + a,]
(151) + AW, (1) + AR AR, $,(7) + AR $4(7),
Ty = A", + By, + Oy, + D [y, + v,]
+ A () + AR, AG ¥y (1) + AT (7).
Imposing the initial conditions we find
B=0C=0,
4 _Y1(0)2,(0) — ¢>1(°A)['Y4(0) + 7%(0)] Jap

100

+ 1[/-;(0)014(0) - ¢2(§) ['74(0) + '7;(0)] AD A4®

100 7100

100

4 ¥:(0)a(0) = ¢3(Z) [7.(0) + %(9)] 4or

D=¢1(0)7;(0)_\l";(o)az(o)A(l)Z+¢2(0)'7;(0)Z‘l’;(o)az(o)A(l) A®

A 100 10077100

+ ¢3(0)7;(0)X"’;(O)az(o)A(z)z

100°

Substituting these values in (1561) we have
= AR (7) + 4B, A5, (7) + Ay (7),

P20o 100 100 <1100

2 .
T = ALNy (7) + A%, A(1230y2(7) + A(fg:ys(‘r),

¥1(0)a,(0) — ¢, (0) [v,(0) + v,(0)]
A a,(T)

(162)
where

ml(T) = ¢1(T) +

0)y(0) —+1(0)a,(0
+¢l( )'YI( )A1I’I( ) 2( )[a4(7)+7_a3<7)],

(7)

() = () 4 QO = BO(0) 431 (0)]

0)y/(0) — 4(0)a, (0
GO )Aw )2%O) ty (7) + m,(1)],

and similar expressions for «,, y, and x,, y,, which we shall find later [equation
(172)] do not interest us. The characters of 2, and y, are known with the
exception of ¢, and y+, which we will now investigate. The functions ¢, and y,
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are those portions of the solution of the differential equations (150) which depend

upon the coefficients of A(”. These coefficients are homogeneous of the second

degree in a,(7) and v,(7). In R, and S, the expressions
e 0_110
8, 9,,, and 8, contain only sines of odd multiples of 7;
a,(7) has the form a,= Y a, cos [(2k + 1)=A]7;
k

. and 6, contain only cosines of even multiples of 7;

v,(7) has the form ¢, = > b, sin [2k £\ ] 7.
k

Consequently, so far as the coefficients of A% are concerned, R,, and S, have
the form

R, = {X alcos 2kt + > aPcos [2k =] T} AW 4 ...,
¥ %

100

100

Spn = {2200 sin (26 +1)7 + 2P sin [(2% + 1) = 2] r} A + -

By Theorem II terms involving 2\ give rise only to periodic terms in the solu-
tion whose period is 2K7. By Theorem V those parts of p,, and a,, depend-
ing upon the terms in &, and S, which are independent of A have the form

p=pl(7)+c'ra3('r), °'=pz(7)+07'74(7)

respectively, where p, and p, are periodic with the period 27r. Consequently the
characters of x, () and y,(7) are

(153) w0, (1) =8,(7) + ¢, Tay(7), Yi(7)=8,(7) + ¢, 7y, (7),

where € (7) and ¥,(7) are periodic with the period 2K .
Coefficient of ad.

(154) Pllllo + ozpuo + 030'110 = Rno’ 0',1,10 + 040-110 + 03/’110 = Suo’
where

R, =240 AD [0,,02 + 0,2, + 0,7 ]
+ [AGAR,+ AR AT ] [20,05(Ta + @) + 0,0 {7, (T2, + 2,) + (7, 47,)}
+ 20057, (77,4 75)]
+2AG, AR [0 (Tay + @, )" + 0,35 (1o + 2, ) (77, + ¥;) + O (77, + 7, )° ]
8o =240 AV [ Op0o02 + 0,00,7, + 85077 ]
+ [ A A+ AR AR (20,502, + ) + 8,0 { 1(72,+ @)+ 2 (9,4 7,)}
+ 28007, (T, + 75) ]
+ 240, AR, [yog (ray + 2, + 8,1 (12 4+ 0,) (7, + %5) 4 Gy (79,4 75)* ]
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The functions R, and S, , differ from R, and S, only in the constants 4, .
The initial conditions impose the same conditional equations. Consequently the
solutions differ only in the constants 4, , so that we can express them at once
without computation :

Puo = 24750 A, (1) + [ATG AR, + AT, AR ]2, (7) + 240, ARy (7) 5

100

10 =24{50 A5 Y, (7) + [AR A5 + A5 A5 ]9, (7) + 24 AT y,(7),

10 100 77010 100 1 100

(165)

where the x,(7) and y,(7) are the same functions of T as before.
Coefficient of &°.

By symmetry with the coefficient of o’ it is seen that

Pan = A1, (7) + AD,AB, () + AR3(7),

(156) 010 01077010 010”3
Tom = ARV (1) + AR AR y,(7) + A5 (7)-
Coefficient of €.

Since the coefficients of the first powers of a and & were homogeneous in the
A, of the first degree, the coefficients of o, ad and & are homogeneous in the
A, of the second degree. The coefficient of the first power of e is not homo-
geneous in the 4, hence the second power is not homogeneous. But if the
functions a,(7) and «,{7) were zero the coefficient of the first power of ¢ would
be homogeneous. By symmetry therefore, we can at once write down the terms
involving the 4, to the second degree. To these must be added terms in the
first degree and one term independent of the 4, .

The differential equations are

Pooz + OsPoy + 6300, = By

(157) Tooz + 0,00 + espooz = Oggz 3
By, = 0oy P01 + 0110Po%0t + Ou2o 01 + G101 Poors

Sy = oo Pyt + gnopom”oox + Jozo”%un'

The terms involved in these expressions are shown in the following table:

Rooy
Term | 4 &’ AR, 48 4@ 488 A8 1 Mulb};plied
Pio1 e} | R0y(Tas+a,) (ray+a,)® 20,0 | R0g(Te3+a,) | af B100
n(reg+a,) "% a (7, +73)
[ a, TQ a a [
Poo1 %0 | @21 +ay (T +7s) (a5 +a,) (v, +7s) + %! + re (a5 +a,) 676 110
%301 i 2n(mr+rs) (7478 2nve | 2(v+7) Ve Bo20

Poor e | (ra3+a,) 2 ™
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In order to obtain the S, it is necessary in the above table only to change the

0, in the last column into 6.

The solutions of equations (167) may be expressed in the form
(158) Pooz= A () + A, A, a1 (7)+ AE (1) + A (1) + AR () +(7),
Toor=AG5 9,(1) + AR, AR, () + ATy (1) + AR, 3 (7)+ AR, (1) +94(7)-

The coefficients of A% in the differential equations are homogeneous of the

first degree in a, and vy, , every term of which involves the first multiple of Ar.
Hence the solutions for these terms by Theorem II involve non-periodic terms,
and we can write

w4(7) = ?3(7) + 6270!1(7) + ca'ms('r)’
Y (1) =0,(7) + ¢, ™,(7) + 3 ™,(7)5

where ©,{7) and ©,(7) are periodic with the period 2K7. As is seen from the
table, x,(7) and y,(7) do not involve the A. They have therefore the form

wg(7) = €(7) + ¢,7a,(7),
ye(T) = @6(7) +C4T'74(7)'

It will be verified in (172) that we do not need to know the character of 2 and y, .
Cocfficient of ae.

The differential equations are

(159)

(160)

Pror + 0,00 + Oi0 = R,

ol + 000 + 0,00=Si-
By = 0,0 [ 20100 ] + G110 [ Prino01 F PorT100 ] + Gon [ 201007601 ] + Oron Proos
S = yzoo [2p100Poon ] + 0_110 [Pio0 o0 F Poor 10 ] + 0_020 (200500 ] -

The following table shows the character of the terms entering into these
expressions :

(161)

Ry,
245 4% [ABAB+ABAR| 244D At A [moipiea
P100 Poo1 aj 20, ( Tatg +- oy ) (Tag+a,)? 20, g 204 (Tag + o) Ba00
P100 %001 N (Tag~+ay) as(’)’q,‘f‘)’s)
T o )Ty, + 6
+ Poo %100 a7y Lo (Tret7s) (Tagtoa ) (7 +7s)| aen + 2% +7 (Tagta,) 110
100 %001 7i 27, (v +7) (va+7)? 217 26 (Tra+7s) Bo20
P100 ay (Tag+ay) 0101

In order to obtain S,

(o1 it is necessary only to change the 6, in the last column

differ from 2, and S, only in

into 0-‘.1.,‘. This table shows that 2, and S

101
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the constants 4. Since the initial conditions impose the same conditional
equations as for the coefficient of €* we can at once write down the solution

Pin = 2A, A %, () + [ Ao A, + ATy A5 12, (7)

001
(162) + 2A(1230 Aﬁglws(T) + A(ll(zow4(’r) + A(1230w5(7)’
o = 2405 A5y, (7)+ [ AR AR, + A, 45, 19,(7)

100 001 100 <~ 001
o+ 243, 4G 5,(7) + Ay, () + Afeyi(7):
Coqﬁcient Qf' 86. 100 “7001 /3 100/ 4 10075
This coefficient can be obtained by symmetry from the coefficient of ae by
permutation of the first and second subscripts of the 4,,. Therefore

Pon = 248, AG 2, (7) + [ AR, 4G, + AR, 4G, 12,(7)

+ 248, A5 2, (7) + AGox, (1) + 4Gy, (7),
S = 245, A% ¥, (7) + [ A5 A%, + AR, 450, 19:(7)

+ 240, A8y, () + AQoyu(7) + ARy (7).
This concludes the computation of all terms up to the second order inclusive in

a, 8 and €. In order to establish the existence of the periodic solutions it is not
necessary to carry the computation further.

(163)

§ 16. Ewxistence of periodic orbits reéntrant only after many revolutions.

We have chosen the initial conditions so that at 7= 0 the particle is crossing
the p-axis orthogonally. It is obvious geometrically that if at any future time
it again crosses the p-axis perpendicularly the orbit will be a closed one and the
motion in it will be periodic. The conditions that the particle shall cross the
p-axis perpendicularly at 7 = 7" is that at this epoch

p’=0’=0.

The equations of variation have the period 2Km. Therefore we shall choose
T= Km. Since p is an even series in 7, and ¢ is an odd series, all the purely
periodic terms in p’ and o are sines and consequently vanish at 7= Km. The
terms which do not vanish must carry 7 as a factor. The conditions for
periodicity give us two equations, namely, at 7 = K,

Pr=0=a,a+ a,,8+ ay ¢+ a0 + a,ad

+ @ 8 + ayy e + @y, 8 + ay, e + -,
0=0=0b,0a+ 0,8 + by €+ by® + b,,,a8

+ by 8 + b,y a€ + by 8 + by, € + - -

(164)
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where a_, and b, are the values derived from the series just computed. Their
values are as follows:

— 4@ @
(165) @ = AT u, = Af,u, Ay = A o U
— A® @ T
by = APy, bOIO = Ay, bop = A(m”’

a0 = Am’- + AB ABF, + A 2)2%,
b A(‘g)-l + A(l) A(Z) 3/2 + A(Z)"gs’

100

=248 ADZ + [ A AD, + AR AD 7, + 248, A, Z,,

010 010

buo =24, A St + [A(l) Agzl)o + A A(lo] Y, + 245, A(loys’
= Aoll): + Agl)oAf)zl)o » AOIO
b = Agl):_ + A, A(loyz + A0|0y3’

010

g = 24D, AR, T, + [ A0, AD, + AB, AR, 17, + 24% AB T, + ARF, + AR,

by =240, Ay, + [ A%, AR, + AT, Aggl]gz + 240, A%, 7; + AT0Y + A%y
=240, AT, + [ AR, A, + A, A5, 1z, + 24, 40T+ A3, + ARy,

001 010 010 001 010

—_— 1) 1) 1 A4 2) 2) 4 1) ') 2 A® (O]
bou 2A010A0013/1 + [Aﬁ.w AQ + AR, AG, 17+ 243, Aool?/a + Aow?h + AR Y5

2— 2 — = -
= ASJIJI + Aggl ‘A'g‘:))l , + A(z) 1%3 + Ago)l 4 + AR %5 + T

o0l
b = AQY, + AD AR T, + AT Y, + ARG, + ADTs + o>
where
da,
65) u = K e 0= ey,
- dx; _
m"=¢l—7—’ yi=y€’ at'r=K'7r.

Let us solve now the equation (164), p’ =0, for e as a power series in a and
8. 'We obtain

167 e=¢ca+ed+e a+e adte, &+,
( 10 01 20 11 02

where the coefficients ¢, have the following values:

%100
€Go="—, >

Q

001

e = _ Joo
o — — ’

Tonn

2

e _ % Tt = Py @i Yoot T Booa oo
20 9

@




1910] ABOUT AN OBLATE SPHEROID 109

2
_ alIO aom - aOII al(}O awl - al(ll aOlO al)Ol + 2a002 alOO aO]O
3 ’
aOOl

ell

2 2
_ ®on %o — %o11 Y10 Yo t Zos Tro

€,
3
aOOl

02 =
Solving now equation (164), ¢ = 0, for ¢ in terms of a and &, we obtain
(168) €=¢E,a+ €8 4 €0+ € a8+ €,8+ -,

where the ¢, have the same expressions in the b,
Subtracting (167) from (168), we have

as the €; have in the a,,,.
(169) 0= [Elo_elo] a+ [Eol-'"eol] o+ [Ezo_ezo] a*+ [Eu_eu] ad+ [302—602] &t
‘We must now examine the coefficients of this series.

@ @
%100 ‘Aloou Aloo'v

- 100
[e — € ]=——————=—————-—-=O
10 10 @ @ ’
(170) G Oy AP u AP v
( @)
[e,—e ]_&O_E_éﬁﬂ_ﬂ‘nﬁ_o
01 0l= =70 @ 5=V
Ay Oy AQu AR

Both of the linear terms therefore vanish. The computation of the second
degree terms is somewhat more complicated. It simplifies matters somewhat
if we observe that the €, have the same expressions in v and the ¥, as the ¢, have
in u and %,. It is sufficient therefore to compute one and derive the other from
it. From (165) we have

R
w0 %100%01 ;. %oz Zico
—_ €, = - — _..._.2“_.. + ,_..3.___
a

a00l 001

Substituting in these fractions the values of the «,, from (165) we get

a 1 T o x
Y0 | 4OR q@* M 4D 4@*72 @? @273
a4 [AIOOAOOX ” + Al AP, A% u+ A AQ, z |’
001 oo
a,..a 1 x 9 2 T
st (', U 1) S NN a 2) AW A@ 1 _A@EAM A __ AD 4@ A 2
T A(”)s[ 240,40, 43,48, @ +[—4G,40 4% AlooAlovool] "
001

001

(171) — 242 A@)f_%’ — A AB AD % — AP A® “3] ,

100 “700 100 “ 001 u

2 = = =
a,. o 1 PR 2 , 2 X
0027100 __  © 22 J* 1 2 A 4@ 2 @2 f@*3
- [A() A + A AQ AR, u + A A

T = | Pl 100 oot
Ton AR u u

4+ AP AD, 2, 4+ AP g T A@ﬁ‘?ﬁ].
w

100 100 “7001 o, 100 u
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For the sum of these three expressions, there results

1 T

_ _— [¢))] @ __ A Mz
€ = 2B (4% A% Amvom] "

001

(172) _

x
—_ M A __ 4@ A® (2) 4 2% 6
(4%, A% Alovom] AR, " + AR, u]'

the coefficients of u,/u, Z,/w and Z,/u vanishing identically. This is the reason
why it was not necessary to compute x,, ,, and , in (1562) and (158).
Changing the &, into ¥, and u into v gives us —¢,. Hence

- 1 5 7
[ ] = o | (AR 48— 4540722 ]
(173) a o
— apan 47— ap43)| 2 - U]+ agp[ 2-%]).

u v

But [%,/u — y,[v] and [&;/u — y;/v] both vanish since

x, =cu, Y=V, X, = c,u, Ys = C, 0,

as is readily seen from (153) and (160). It is also seen on referring to (159)
that [z,/u — ¥,/v] does not vanish, but is equal to

Hence
_ A® [A”) A® — A® AWM x ?7
(174) [En—ep]=— =11 2;)?;‘ e ['l_:— 54]

Without repeating the details of the computation we find in a similar way

(175) [ e, ] — — AL ASAG — A5 40]) + A5 L4048 — 43,431 [, T,
11 JO R Ag‘)f ’

u v

2 1 2 2] 1
AQ[ AR, A, — AR, 43

- ___ “loio o010 oo 5‘-_’_4 _ ?7_4
(176) [€,—€,]= Aﬁ’f [ @ ,v]'

Substituting these values in (169), we find that the second degree terms in a
and & are factorable. Thus (169) becomes

1 [% ¥ . (
ary " | 2=l | At A28 4 104D, 4G, — A5 A
1
g + (AR AZ, — AR AR)S +--].

o010

There are therefore two real solutions for & as power series in a.  Substituting
these values of & in (168) we find the two corresponding values of €. In this
manner we find :
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First solution.

A AD — AD 4D v —ary, 7:(0)
S—_ S ] i TN £ M £ T a4 .-,
178 Ao Am — 42,40t a,—aa, a,(0)*F
( ) AD AD — A® ARy 1 1
Agl)oA(") A(z) a0 +..._a5—aa4a+..._a6(0)a+....
Second solution.
A®
d=—Zaat: ZIE ;a+"‘=7;(0)~a+~
179 010
4T 48, 42,
€= A(2> A(2)8+ =0at..,

where a; and vy, are the quantities defined in (147), and ;(0) is the value of
dy,/dt for 7= 0. Thus one solution for e begins with the first power of a
while the other certainly does not begin before the second, but in both solutions
& begins with the first power of a.

§17. Construction of the solutions having the period 2 K.

We have just proved the existence of series for p, o and e proceeding in
powers of the initial value of p (let us call this value e).* The series for p and
o are periodic in 7 with the period 2A4r, and since this condition holds for all
values of e sufficiently small each coefficient is separately periodic. The series
for p is even in 7, and the series for o is odd in 7. These series have the form

P=P16+P262+P388+ AR 1
(180) c=o0,e+ 0,6+, + -
e=¢e + e’ et + oo,

We may substitute these series in the differential equations and integrate the
coefficients of each power of e step by step, and determine the constants in
such a way that p and o shall be periodic, and satisfy the initial conditions

(181) p(0)=ce, a(0)=0, PF(0)=0, o'(0) =38,

where 0 is a constant at present unknown but to be determined in the process.
Substituting the series (180) in the differential equations (138), we find for the
coefficient of the first power of e

(182) P+ 0,p, + 0,0, = 0,,¢, o + 0,0, + O,p, =

* The reason for changing a to e is that this parameter corresponds to the eccentricity in the
two-body problem.
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Since by the condition of orthogonality p must be even in 7 and o odd in 7, the
solution complying with the condition is

b= A0a,(7) + DOL 10y (r) + a,(7)] + & [aray(7) + ()],
o, =AYy (1) + DV[7y,(7) + v5(7)] + € [amy,(7)+ ')'5('7')]’

where o, (7) contains only cosines of even multiples of T and «,(7) contains only
sines of odd multiples of 7.
In order that this solution shall be periodic it is necessary and sufficient that

(183)

DO = — qe,.
Upon imposing this condition the solution (183) becomes [see eq. (146)]
po=AVa,(7) + ¢[a(7) — aa,(7)] = ADa,(7) + € a,(T),
o, =AYy (1) + [ 7,(7) — ay,(1)] = ADy,(7) + € 7,(7)-

It remains to impose the initial condition that p, =1 at + = 0. From this
condition we get

(185) 1= AYG, + €3,

(184)

where @, and a, denote the values of these functions when 7= 0.

Coefficient of €*.
(186) Pyt O,p, + 050, =0y, €, + 0,,€,p, + O + 0,4yp, 0, + Oy 0] = B,,
o, +0,0,+ 0,p,= azoopf + auopl o+ e-omo'f = 5.

Every term of R, and S, contains either A®, ¢ or ¢, as a factor. Arranged
in this manner we have the expansions

R,= AM[6,, 02+ 6,,0,7, + 0,7 ]
+ AV e, [ 20, a,a, + 0,0 (v, % + %,%5) + 20,0, 7,7 + 0,02, ]
+ € [O0% + 0,00, + O vE + 0,01 +6,[0,,],
S, = AW? [émaz + 0_lwazfyl+0_m'ﬁ] +AWe, [2€—maza6+ 0-110(71%"'0‘2'76)”‘20_02071%]
+ €[003 + 01027, + G0 2]

In order to understand the character of the solution of these equations we must
examine the character of the various terms. The coefficient of A®” in both
R, and 8, is homogeneous of the second degree in @, and ,. Its expansion
therefore involves terms carrying 2A7 and terms independent of A. By The-
orem II the solution for the terms in 2\7 is periodic. The terms independent
of \ are cosines of even multiples of 7 in 72, and sines of odd multiples of 7 in
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§,. These terms have the same character as those in the coefficients of €’ and
¢, and may be considered under the discussion of those terms.

The coefficients of A"e¢ in both R, and .S, are homogeneous of the first
degree in a, and vy, , all terms of which carry the first multiple of Ar. By The-
orem VII the solution for p, will carry the term 7a,(7), and for o, the term
7y,(7). Non-periodic terms of this character do not arise elsewhere in the
solution, hence, in order to avoid them, we must take either A® =0 or ¢, = 0.
If we choose A® = 0, then, by (185), ¢, is determined so that we must have
e, =1/a,, thus agreeing with the first solution (178) of the existence proof.
But if we choose ¢, = 0 so that by (185) A® = 1/a, we are in agreement with
the second solution (179) of the existence proof. We will commence by devel-
oping the first solution. This necessitates the choice AV =0, ¢ =1/a,.

First solution.

Since A® = 0 all terms in R, and .S, which carry At or any multiple of it
vanish. There remains

R,=¢ [9200“3 + 0,027 + Oy Vi + 010,21 + €6,

187 - - ~
(187) Sy =€ [ezooa: + 01025 + G5 ] -
‘We have also
a (T v 1
(188) P = —és—), g, = —‘-(is—), € = a_s’

It is easy to characterize /2, and S,. R, contains only cosines of even multi-
ples of 7, and S, contains only sines of odd multiples of 7. Since p, is even
in 7 and o, odd, the solution satisfying this condition is

py= AP a, (1) + DO ray (1) +a,(1)] + [1,(7) + 8,7, (7)] +¢,[35 (7) +ara(7)],
0'2=A(2)'Yl('T)+D(2)[7'Y4('T)+'Ys(7)] + [§2(7)+a2 ™,(7)] +€2['Y5(7)+a7'74i(7)] :

In this solution the terms are grouped according to their origin. The first
two terms are the complementary function. The third arises from the terms
carrying € as a factor. The fourth arises from the terms carrying e, as a
factor. @, is a constant depending upon the coefficients of € in the differential
equations. a,(7) and v,(7) are the same functions as in the coefficient of the
first power of e. By Theorems IV and V, ,(7) and §,(7) are periodic func-
tions of 7 with the period 27 and so constituted that 5,( ) contains only cosines
of even multiples of 7, and &,(7) contains only sines of odd multiples.

In order that p, and o, shall be periodic we must have

o _
D® = — aq, — ae,,

Trans. Am. Math. Soc. 8




114 W. D. MACMILLAN: PERIODIC ORBITS [January

and this makes
p,= APa,(7) + e, (1) + n,(7) — a,a,(7),

o, = APy, (7) + &%(7) + §(7) — a,7,(7).

In order that we may satisfy the initial conditions we must have p,(0) =0,
and this determines ¢, so that

A® is not yet determined, but it is obvious that it must be zero in order to satisfy
the periodicity condition on the coefficient of e® in which the non-periodic parts
arising from terms involving the first multiple of At carry A® as a factor.
Hence the only way to avoid non-periodic terms of this character is to choose
A®=0. Anticipating this step then we have

a,a, — 7 \

p,= z a, —* 6(7)""72(7)'_“2“4(7)’
(191) o
a,a,—1

0, = 2 4&6 _2'76(7) + é‘z("')'—az'ys('r)'

Hence p, contains only cosines of even multiples of 7, and o, contains only sines
of odd multiples of 7.

It remains only to show that this process of integration can be carried on
indefinitely. Assuming that up to and including p, , and o,_, every p, and o,
is periodic with the period 27 and that the p, contain only cosines of even
multiples of 7 and o, only sines of odd multiples of 7, except that p, , contains
the term A¢Va,(7) and o,_, contains the term Ay (7), it will be shown
that the same conditions obtain for the next succeeding step. For p, and o, we

have from the differential equations (138)
P+ 0,p, + b,0, =0 e, + A0, €0, + 26,,p, 2,

(192) + 6,,(p 7 + 0, 2,) + 20,07, ] + D,
o +6,0,+0,p,= A(i_l),[2o_2oopl a,+ 0_110(/"1 "+, a2)+2§ozo°'1'yl] +¥,.

From the properties of the differential equations it is readily seen that ®, con-
tains only known terms all of which are cosines of even multiples of 7, and that
W, contains only known terms all of which are sines of odd multiples of 7. The
coefficients of 4¢~" are homogeneous of the first degree in a, and v,, and con-
sequently each term involves a first multiple of A7. Their solution gives rise to
non-periodic terms of the form 7a (7) and 7y,(7). They carry 4“ as a
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factor, and since terms of this type arise nowhere else in the solution we can
make them disappear only by putting A% = 0. The solution for (192) then
has the form

(198) pi=AWay(1)+ DV [ray(t)+a()] + [0(7)+ a7, (T)] +¢ [ay(T)+aTay(T)],
0, =A%y, (T)+ DOy (1) +v5(1)] + [£(7) + a7v(7)] +e[v,(7) + amy(7)]

where 7,(7) and () are periodic with the period 27, and by Theorem V, ,(7)
contains only cosines of even multiples of 7, and {;(7) contains only sines of
odd multiples of 7.

For p, and g, to be periodic it is necessary and sufficient that

DH = —aq,. - ae,
which makes
pi=A%a,(7) + n,(7) — a;a,(7) + €a(7),

194
(199 0,=AVq, (1) + §(7) — a,7,(7) + €%,(7)-

From the initial conditions we must have p,(0)= 0. This condition deter-

mines ¢; to be
a3, — 7, — AVa,

€. =
5 p
g

Thus the constants are uniquely determined. The p, and o, have the properties
assumed for those having lower subscripts, and the process of integration can be
continued indefinitely. Every AU’ is zero. Since no terms involving the At
enter, the solution has the period 27. But the orbits represented belong to
the class of generating orbits from which we started. In other words, we set
out with a generating orbit for which the initial distance was, let us say, r,, and
we have found another generating orbit for which the initial distance is r, 4 e
(e arbitrary). There is nothing surprising in this, for », is a function of an arbi-
trary constant 8. Let us suppose we had started with a definite value of 3,
let us say B,. This gives us a definite generating orbit with a definite initial
distance 7,. Let us seek now the generating orbit for which the initial distance
isr,+ e. If eis sufficiently small we can evidently give an increment ¢ to 8
which will increase r, by the amount e. We have

o =J(By)s
"'0+e=f('30+€)'
Expanding the right member of the last equation by Taylor’s theorem we have

of sf

e=-

A 1__<
aBOE'l"‘ 26/3(2)62-*- ’
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and by inversion, since

of

- + 0
aB B=Bo ’

1
€=Ta-f_e+...,
o8,

which we might write
e=ee+ee+ ...

Then by substituting in the generating orbit
B=B,+ee+ee+-..

and arranging as a power series in e, we would obtain the generating orbit which
we sought. As these are the same conditions that are imposed when we seek
new orbits through the equations of variation it is to be anticipated that one of
the class of generating orbits satisfies the conditions.

Second solution.

We return now to equation (186) where the two methods of satisfying the
periodicity condition presented themselves, and we shall continue with the second
solution. We choose ¢, = 0, which we found determines A® to be A" =1/a,.
From (82) it is seen that @, = a,(0) =1, and therefore A" =1. Hence in the
second solution
(195) p=a,(T), o, =1, (7).

Using these values of A" and ¢,, R, and S, of (186) become

By =[05000; + 0,102, + 005 ¥] ] + €0,
(196) o )
8, =[0x0% + 010 %7 + 071 ]-

All of the terms in these expressions except ¢,6,, are of the second degree in
a, and v,. Therefore they involve terms carrying 2\7 and terms independent
of A7. @, also is independent of A7. In the solution the terms depending
upon 2A7 are periodic by Theorem II. As for the terms independent of A, R,
contains only cosines of even multiples of 7 and S, contains only sines of odd
multiples of 7. These terms give rise to non-periodic terms in the solution
which has the form

py=A%a,(7) + D¥[1a,(7) + a,(7) ]+ &,(}, T)

(197) +[m(7) + 4,73, (T) ]+ g [a,(7) + aray(7)

o,= APy, (7) + DOL7y,(7) + 7,(7)]+ ¥ (X, 7)
+[&(7) + @, (T)]+ &[ v (7) + amv,(7)]-
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In these equations ¢,(, 7) and 4,(X, 7) are ‘the periodic terms involving A,
7, and §, are the periodic terms with the period 27 ; a, the constant belonging
to the non-periodic part, and the coefficients of ¢, are the solutions arising from
the coefficient of ¢, in the differential equations. In order that this solution
(197) shall be periodic it is necessary that

D® = — a, — ae,,
and this reduces p, and o, to

P, = A(z)az('r) + ¢2(7\’ 7) + "72(7) - a2a4(7') + ezas(7)’
o, = APy (7) + ¥, (M ) + §(7) — a,%,(7) + v,(7)-

In order that we may satisfy the initial conditions we must have p,(0) =0.
Hence, since a,(0) =1,

(198)

2_ s - — -
AP = — ¢, — 1, + a,3, — €,a.

The constant e, is determined by the periodicity condition for the coefficient of e3.
Coefficient of e*.

(199) Py + 0,p, + 6,0, = B, oy + 0,0, + O,p, = S,

3
where

By= 6y, ¢, + 0, €,p, + 20,p, p, + 0,5 [0,p0, + 0, p,] + 260,,,0, 0, + 6,

+ 0210Pi 01 + 010,07 + 015,035
Sy = 20,0001 P2 + 010 [03P1 + 0,p,] + 20,5, 0,0, + oo

+ Oyopt0, + Op 0% + G0

030 1°

In classifying the terms which belong to the expansion of R, and S, we bear in
mind :

First. The 0, in R, involve only cosines of even multiples of 7, except those
which are coefficients of odd powers of o (i. e., jis odd). These involve only
sines of odd multiples. The reverse is the case in the 6, of S,. If j is even,
0, involves only sines of odd multiples of 7. If j is odd, 9".’.,, involve only cosines
of even multiples of 7.

Second. p, and p, are cosine series. The terms independent of A involve only
even multiples of 7.

o, and o, are sine series. The terms independent of A involve only odd mul-
tiples of 7.

It is seen then that among the terms in R, which are independent of A only
cosines of even multiples of 7 enter; and among the terms in S, which are inde-
pendent of A only sines of odd multiples enter. In the process of integration
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therefore two types of non-periodic terms arise, first, those coming from the
terms which involve the first multiple of A, and second, those coming from the
terms independent of A. It is important therefore to separate the various terms
into three classes:

(@) terms independent of A,

(b) terms involving first multiple of At only,

(c) terms involving multiples of At higher than the first.
The solution for these last terms is periodic. We rewrite then the differential
equations (199) as follows:

Py + 0ups + 0305 = €05, + &1, (X5 T) +/,(Ns ) + £3(7) + S u(0N, ),
oy + 0,05+ O3p, = &9 (N5 T) + g5 (As 7) + 95(7) + gu(#A, 7).
The coefficients of ¢, are, explicitly,
JiA,1)=0,,0, + 20, a,a;+ 0, (2,7 + v, %) + 20,7, %>
(A, T)= 25200a2a6+éllo(a276+'yla6)+250207176'

These terms are homogeneous in the first degree in a, and v,, and conse-
quently involve only terms which carry the first multiple of Ar. They are of
importance since they carry the undetermined constant ¢, as a factor. The solu-
tion for these terms has, by Theorem II, the form

p=F (N, 7)+ b 1a,(7), o= G (A, 1)+ b1y,(T),

(200)

where F(A, 7) and G\ (A, T) are periodic and involve only terms carrying the
first multiple of A7. b, is a constant depending upon f, (A, 7) and g,(, 7).
It is found, by a calculation not difficult, to have the value

b, =3 + pP(p?).

The functions f,(\, 7) and g,(, 7) have the same characters as f,(A, )
and g,(M, 7). They are considered separately since they are independent of «,.
Their solutions may be written

p=F,(A, 1)+ b,7a,(T), o=G,(A, )+ b,m,(7).

The terms f,(7) and g,(7) are independent of A. f,(7) contains only cosines
of even multiples of 7, while g,(7) contains only sines of odd multiples of .
The solution for these terms has the form

p=F,(1)+ b1 (1), o= G,(7)+ b7y, (7).

Finally, f,(%\, 7) and g,(kX, 7) involve only terms which carry multiples of
A7 higher than the first. The solution for these terms is

p=F,(kr, ), =G (kx, 7).
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The entire solution is then
py=ADa, (1) + D¥[7ay(7) + a,(7)] + & [2,(7) + ata,(7)]
+ e[ F (N, 7))+ b7 ()] + [Fo(N, 7))+ b7 (7) ]
201) + [Fy(T) + by7a,(7)] + F,(kr, T),
o= A@q (1) + DO[1y,(7) + 75(7)] + & [7(7) + ary,(7)]
+ &[G (N 1)+ b 7my,(T)] + [Go(M T) + b, 7y,(7) ]
+ [Gy(7) + by (7)] + G, (kN, 7).
All of the functions a,(7), v,(7), F,(7), and G;(7) are periodic. In order

that p, and o, shall be periodic it is necessary and sufficient that the coefficient
of ta,(7)and 7v,(7), and the coefficient of 7o, (7) and 7v,(7) be zero. That is,

3) — — . —
D® = — b, — ae,,
and

b
€, = —i,

by which condition the value of ¢, is determined. In order to satisfy the initial
conditions we must have p, = 0 at 7 = 0, and this determines 4®,

49 = b,a,(0) — 6,3,(0) + 2 F,(0) = F,(0) = Fy(0) — F,(0).
1

Thus all the constants are determined except ¢,, and the solution is

b
py=APa(1)=bya(7) F e (1) = B (Vs )+ By (s 1) F () F (RN 7),
(202)
: b
Ty=AOm(1)=bgyy(1) +&1(7) =5 Gi(% 1)+ GoR )+ Gy(7) + G, 7).

The constant ¢, will be determined in satisfying the periodicity condition for
the coefficient of ¢*. This process of integration can be continued indefinitely.
p, and o, have the same properties that have been stated for p, and o,. It is
evident from the properties of the differential equations that these properties
persist for p, and o, and so on indefinitely. The coefficient for ¢,_, in so far
as it carries the first multiples of A7 is always the same as for ¢,. Therefore
the constant ¢,_, can always be determined so as to avoid non-periodic terms of
the type 7a,(7) and 7v,(7). The constant D® of integration can always be
determined so as to destroy non-periodic terms of the type 7a,(7) and Ty, (7).
The constant A can always be determined so as to satisfy the initial condi-
tions. The analysis of the type of terms entering is the same as for the sub-
seript 3.
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We have therefore a periodic solution with the period 2 K7 which is different
from the class of generating orbits from which we set out, for the particle makes
many revolutions before its orbit reénters. After integrating the equation
dv/dT = ¢[r* the solution will contain five arbitrary constants (subject to the
condition that A must be rational), corresponding to mean distance, eccentricity,
inclination, node, and epoch.

UNIVERSITY OF CHICAGO,
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